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Full vertex algebra and non-perturbative
current-current deformation of 2d CFT
Yuto Moriwaki ∗
Kavli Institute for the Physics and Mathematics of the Universe, Chiba, Japan
Abstract. We mathematically formulate and construct a non-perturbative current-current
deformation of two dimensional conformal field theory in terms of full vertex algebras.
The parameter space of the deformation is expressed as a double coset of an orthogonal
group. A current-current deformation of a “vertex operator algebra” may produce new
vertex operator algebras, which is demonstrated by some holomorphic vertex operator
algebra of the central charge 24.
Introduction
In quantum field theory, deformations of theories are important since in the case of free
field theories, their deformations give phenomenological predictions about the real world.
A deformation is defined by adding a new term to the original Lagrangian L(Oi, ∂µOi) 7→
L(Oi, ∂µOi) + gOk. Here Ok is an additional field and g ∈ R is called a coupling constant
(c.f. [PS]). A correlation function of the deformed theory can be obtained by perturbation
theory, i.e., expanded as a power series in g by using the path-integral, which is in most
cases only an approximation. However, it is widely believed that the deformed theories
are well-defined and especially, the consistency of the correlation functions is satisfied,
which is a requirement of quantum field theory.
In contrast to the higher dimensional cases, two dimensional conformal field theory
provides many mathematically rigorous examples. Deformations of these theories by
general fields do not always preserve the conformal symmetry, which have been studied
by many physicists, e.g., [Z, EY] to understand a structure of quantum field theories.
Meanwhile, a deformation of a two dimensional conformal field theory which preserves
the conformal symmetry is known to be generated by a special field Ok with conformal
weight (1, 1), called an (exactly) marginal field [DVV].
Chaudhuri and Schwartz considered the deformation of a conformal field theory gen-
erated by a field of the form O(z, z¯) = ∑i, j ci jJi(z)J¯ j(z¯), where ci, j ∈ R, the Ji(z)’s have
conformal weight (1, 0) and the J¯ j(z¯)’s have conformal weight (0, 1). They showed that
the field is exactly marginal if and only if the holomorphic currents as well as the anti-
holomorphic currents belong to commutative current algebras, see [CS]. The deformation
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2generated by this (1, 1)-field is called a current-current deformation in the physics litera-
ture.
A current-current deformation naturally appears in string theory as a toroidal compact-
ification. If the target space is k dimensional, it is parametrized by the double coset
O(k, k;Z)\O(k, k;R)/O(k;R) × O(k;R),(0.1)
where O(k, k) is the algebraic orthogonal group with the signature (k, k) and O(k, k; S ) is
the S -points for a ring S (see [P]). The right action of O(k, k;Z) is called a T-duality. In
the case of k = 1, O(1, 1;R)/O(1;R) ×O(1;R) is isomorphic to R and R ∈ R corresponds
to the radius of the compactification and the right action of the duality group O(1, 1;Z) 
Z2 × Z2 exchanges R and R−1. In general setting, Fo¨rste and Roggenkamp showed that
the lowest weight space of a current algebra is invariant, and only the charges change
under the current-current deformation based on the path-integral [FR]. They also showed
the double coset description of the parameter space. The duality group is given as an
automorphism group of a “structure of the lowest weight space”. The purpose of this
paper is to mathematically formulate and construct the non-perturbative current-current
deformation of two dimensional conformal field theory.
0.1. Mathematical formulations - fullH-vertex algebras. In our previous paper [M2],
we introduced a notion of a full vertex algebra which formulate the operator algebra
of a two dimensional conformal field theory by using the bootstrap equation (see also
[HK]). In terms of a full vertex algebra, the commutative current algebra which generates
a current-current deformation corresponds to a subalgebra of a full vertex algebra which is
isomorphic to the tensor product of holomorphic and anti-holomorphic Heisenberg vertex
algebras.
It is convenient to introduce a notion of a fullH-vertex algebra. Let Hl and Hr be real
vector spaces with non-degenerate bilinear forms (−,−)l : Hl × Hl → R and (−,−)r :
Hr × Hr → R and MHl(0) and MHr(0) be the affine Heisenberg vertex algebras associated
with (Hl, (−,−)l) and (Hr, (−,−)r). Let p, p¯ ∈ EndH be the projections of H onto Hl and
Hr, (H, (−,−)p) = (Hl ⊕ Hr, (−,−)l ⊕ (−,−)r) the orthogonal sum of vector spaces and
MH,p = MHl(0) ⊗ MHr(0)
the tensor product of the vertex algebra MHl(0) and the anti-holomorphic vertex algebra
MHr(0) (see [M2]). A fullH-vertex algebra is a full vertex algebra F together with a full
vertex algebra homomorphism MH,p → F. Since F is an MH,p-module, F is a module of
the affine Heisenberg Lie algebra Hˆ. For α ∈ H, set
Ω
α
F,H = {v ∈ F | h(n)v = 0, h(0)v = (h, α)pv for any h ∈ H and n ≥ 1}
and ΩF,H =
⊕
α∈H Ω
α. The lowest weight space ΩF,H is called a vacuum space in [FLM].
We assume that a full H-vertex algebra (F,H, p) is generated by the vacuum space as a
3Hˆ-module, that is,
F =
⊕
α∈H
MH,p(α) ⊗ ΩαF,H.(0.2)
Then, as suggested by Fo¨rste and Roggenkamp, ΩF,H inherits an algebra structure by
modifying the full vertex algebra structure on F. More precisely, we introduce a notion
of a generalized full vertex algebra, which is in fact a mathematical formulation of the
above “structure of the lowest weight space”. Then, we show that ΩF,H is a generalized
full vertex algebra (Theorem 3.1). Before stating the main results, we briefly explain the
definition of a generalized full vertex algebra, which plays a crucial role in this paper.
0.2. Generalized full vertex algebras. The notion of a generalized full vertex algebra
is a “full” analogy of the notion of a (chiral) generalized vertex algebra introduced by
Dong and Lepowsky [DL], in order to study affine vertex algebras and parafermion vertex
algebras [DL].
We first recall their results. Let Lg,k be the simple affine vertex algebra at level k.
Then, Lg,k has a Heisenberg vertex subalgebra generated by a Cartan subalgebra of the
Lie algebra, Hg ⊂ g. Thus, (Lg,k,Hg) is a chiral full H-vertex algebra, which we call a
H-vertex algebra. Dong and Lepowsky showed that if k ∈ Z≥0, called an integrable level,
the vacuum space ΩLg,k,Hg inherits a generalized vertex algebra structure [DL]. They also
constructed a generalized vertex algebra from a pair of a real finite dimensional vector
space H with a non-degenerate symmetric bilinear form and its abelian subgroup L. They
call it a generalized lattice vertex algebra.
We remark that our proof of the existence of a generalized full vertex algebra structure
on ΩF,H (Theorem 3.1) seems different from [DL]. In fact, since any Z-graded vertex al-
gebra is a full vertex algebra [M2, Proposition 2.2], Theorem 3.1 generalizes their results
to any vertex algebras, in particular, to affine vertex algebras at any level k ∈ R.
A generalized full vertex algebra is, roughly, an H-graded vector space Ω =
⊕
α∈H Ω
α
equipped with a linear map
Yˆ(−, z) : Ω→ EndΩ[[zR, z¯R]], a 7→ Yˆ(a, z) =
∑
r,s∈R
a(r, s)z−r−1z¯−s−1,
where H is a finite dimensional vector space equipped with a non-degenerate symmetric
bilinear form. The key point is that we allow the correlation function for αi ∈ H and
ai ∈ Ωαi to have a U(1)-monodromy of the form exp(2pi(αi, α j)) under the interchange of
states ai and a j (for the precise definition see Section 2). Importantly, if the monodromy
is trivial, then a generalized full vertex algebra is a full vertex algebra (Lemma 2.2).
Thus, a fundamental question is whether it is possible to cancel the monodromy for
a given generalized full vertex algebra. The answer is yes. Let Ω be a generalized full
vertex algebra graded by H and P(H) the set of projections p ∈ EndH such that the
subspaces ker p and ker(1− p) is orthogonal. Then, for each p ∈ P(H), we can construct a
full vertex algebra by canceling the monodromy (Theorem 2.1). In fact, we have a family
4of full H-vertex algebras parametrized by P(H). Each element of P(H) determines the
charge of the decomposition (0.2).
0.3. Main results. We first explain how the U(1)-monodromies on the vacuum space
appear. Let (F,H, p) be a fullH-vertex algebra and α1, α2 ∈ H. Then, the conformal block
(or the correlation function) of the affine Heisenberg full vertex algebra MH,p labeled by
α1, α2 is of the form
(z1 − z2)(pα1 ,pα2)l(z¯1 − z¯2)(p¯α1, p¯α2)r = |z1 − z2|(p¯α1, p¯α2)r(z1 − z2)(pα1 ,pα2)l−(p¯α1 , p¯α2)r ,
where |z1 − z2| is the square of the absolute value (z1 − z2)(z¯1 − z¯2). Note that |z1 − z2|r
is a single-valued function for any r ∈ R. Thus, the monodromy of the conformal block
is controlled by the bilinear form (−,−)lat on H defined by (α1, α2)lat = (pα1, pα2)l −
(p¯α1, p¯α2)r. We denote the space (H, (−,−)lat) by Hl ⊕ −Hr. Then, the first main result
of this paper is that the assignment (F,H, p) 7→ (ΩF,H,Hl ⊕ −Hr, p) gives an equivalence
between the category of fullH-vertex algebras and the category of generalized full vertex
algebras with the charge structure p (Theorem 3.2).
The real orthogonal groupO(Hl⊕−Hr;R) acts on the set of all possible charge structures
P(Hl ⊕ −Hr) and the orbit of the original p is equal to the orthogonal Grassmannian
O(Hl ⊕−Hr;R)/O(Hl)×O(−Hr), which is a connected component of P(Hl ⊕−Hr). Thus,
by using the inverse functor, we have a family of fullH-vertex algebras parametrized by
the Grassmannian.
We note that for hl ∈ Hl and hr ∈ Hr with (hl, hl) , 0 and (hr, hr) , 0, we have
a one-parameter subgroup {σ(g)}g∈R ⊂ O(Hl ⊕ −Hr) (see Section 4.1). The family of
full H-vertex algebras associated with {σ(g)pσ(g)−1}g∈R ⊂ P(Hl ⊕ −Hr) is, in fact, the
current-current deformation of a full H-vertex algebra (F,H, p) associated with the ex-
actly marginal field Y(hl(−1,−1)hr, z) = hl(z)hr(z¯). Thus, the above family gives a math-
ematical formulation of the non-perturbative current-current deformation associated with
the commutative current algebras Hl and Hr.
Finally, we gives the double coset description of the parameter space. The automor-
phism group of the generalized full vertex algebra ΩF,H naturally acts on the grading
Hl ⊕ −Hr. Let DF,H be the image of the automorphism group in O(Hl ⊕ −Hr). Then,
the isomorphism classes of the current-current deformation of a full H-vertex algebra
(F,H, p) is parametrized by the double coset (Theorem 4.1)
DF,H\O(Hl ⊕ (−Hr))/O(Hl) × O(−Hr).(0.3)
Thus, DF,H is a mathematical formulation of the duality group, which in particular implies
the T-duality (0.1). The current-current deformation of the toroidal compactification is
studied in detail in the case that the target space is one dimensional (see Section 4.3).
We remark that the double coset description (0.3) gives us a global information about the
moduli space of conformal field theories, which is important in the study of string theory.
We hope that our results will motivate further studies of the CFT moduli spaces.
50.4. Application to vertex algebras. As an application, we consider the deformation of
vertex algebras, which is the holomorphic part of a conformal field theory (chiral confor-
mal field theory). Importantly, a vertex algebra cannot deform since a general two point
correlation function is of the form C(z − w)n for some n ∈ Z and C ∈ C. In other words,
the energies of the chiral part are equal to the spins and thus integers. In contrast, for a
full vertex algebra, a general two point function is of the form C|z − w|r(z − w)n(z¯ − w¯)m
for some n,m ∈ Z and r ∈ R, where |z − w| is the absolute value. Thus, we can de-
form the two point correlation function or the parameter r ∈ R, continuously. So let us
consider the tensor product of a Z-graded vertex algebra V and the fullH-vertex algebra
(CR,HII1,1 , pR), the algebra of the toroidal compactification with the radius R ∈ R, which
was constructed in [M2]. Assume that V is a full H-vertex algebras, that is, V contains
a (holomorphic) Heisenberg vertex algebra MHV (0), which is called a VH pair in [M1].
Then, (V ⊗CR,HV ⊕HII1,1) is naturally a fullH-vertex algebra. Thus, we can consider the
current-current deformation of this algebra, which mixes V and CR. In general, the de-
formed algebra does not split, that is, it cannot be expressed asW ⊗Cr for some Z-graded
vertex algebra W and the radius r ∈ R. But if it splits, the Z-graded vertex algebra W
is not always isomorphic to V . Thus, the deformation may produce new Z-graded vertex
algebras and a fundamental question is how many Z-graded vertex algebras are contained
in the current-current deformation of V ⊗CR.
The notion of a genus of vertex algebras introduced in [M1] gives us an answer. There,
we introduce an equivalent relation onH-vertex algebras, which we call a genus of vertex
algebras. TwoH-vertex algebras (V,HV) and (W,HW) are said to be in the same genus (or
equivalent) if (V⊗VII1,1 ,HV⊕HII1,1) and (W⊗VII1,1 ,HW⊕HII1,1) are isomorphic asH-vertex
algebras, where II1,1 is the unique even unimodular lattice with the signature (1, 1) and
VII1,1 is the lattice vertex algebra (see [M1] for the precise definition).
Then, one can show thatH-vertex algebras (V,HV) and (W,HW) are in the same genus if
and only if there exists a current-current deformation between the fullH-vertex algebras
V ⊗CR andW ⊗CR (Theorem 5.1). The weighted sum of the number of the isomorphism
classes in a genus is called a mass of the genus. In [M1, Theorem 4.2], we gave a formula
which computes the mass by using the mass of integral lattices and the duality group
DV⊗VII1,1 ,HV⊕HII1,1 under some assumptions.
A non-trivial example of a genus is given by a modular invariant chiral conformal
field theory (in the literature of mathematics it is called a holomorphic vertex operator
algebra). In [LS], Lam and Shimakura constructed a modular invariant chiral conformal
field theory of the central charge 24 as an extension of a vertex operator algebra LE8,2⊗LB8,1 ,
where LE8,2 and LB8,1 are affine vertex algebras associated with simple Lie algebras E8 and
B8 at level 2 and 1, respectively. We denote it by L
hol
E8,2B8,1
. In [M1], the duality group was
identified as the automorphism group of some lattice II17,1(2
+10
II
). Thus, the current-current
deformation of the full vertex operator algebra Lhol
E8,2B8,1
⊗ CR is parametrized by
Aut II17,1(2
+10
II )\O(17, 1;R)/O(17;R) × O(1;R),
6and there are 17 non-isomorphic vertex operator algebras contained in this family, all
of which are modular invariant chiral conformal field theories (Proposition 5.2, see also
[HS, M1]).
0.5. Outline. In Section 1, we recall the definition of a full vertex algebra and review
necessary results from [M2]. In Section 2, we introduce the notion of a generalized full
vertex algebra, construct a standard example and tensor product and prove Theorem 2.1
by canceling the monodromies. The notion of a full H-vertex algebra is introduced in
Section 3. There we show that the vacuum space inherits a generalized full vertex algebra
structure (Theorem 3.1) and the equivalence of the categories (Theorem 3.2). Combining
the above results, the current-current deformation of a fullH-vertex algebra is defined and
the double coset description of the parameter space is proved (Theorem 4.1) in Section
4. As an application, we study the relation between the current-current deformation of
H-vertex algebras and the genus of vertex algebras in Section 5.
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Notation
We assume that the base field is C unless otherwise stated. Throughout of this paper, z
and z¯ are independent formal variables. We will use the notation z for the pair (z, z¯) and
|z| for zz¯. For a vector space V , we denote by V[[zR, z¯R]] the set of formal sums∑
s,s¯∈R
as,s¯z
sz¯s¯,
where the sum is countable and by V[[z, z¯, |z|R]] the subspace of V[[zR, z¯R]] such that
(1) as,s¯ = 0 unless s − s¯ ∈ Z.
We also denote by V((z, z¯, |z|R)) the subspace of V[[z, z¯, |z|R]] spanned by the series satis-
fying
(2) There exists N ∈ Z such that as,s¯ = 0 unless s, s¯ ≥ N;
(3) For any H ∈ R,
{s + s¯ | as,s¯ , 0 and s + s¯ ≤ H}
is a finite set.
We will consider the following subspaces of V[[z, z¯, |z|R]]:
V[[z, z¯]] = {
∑
s,s¯∈Z≥0
as,s¯z
sz¯s¯ | as,s¯ ∈ V},
V[z±, z¯±] = {
∑
s,s¯∈Z
as,s¯z
sz¯s¯ | as,s¯ ∈ V, all but finitely many as,s¯ = 0},
V[|z|R] = {
∑
r∈R
arz
rz¯r | ar ∈ V, all but finitely many ar = 0}.
We will also consider their combinations, e.g., V((y/x, y¯/x¯, |y/x|R))[x±, x¯±, |x|R], which is
a subspace of V[[x, y, x¯, y¯, |x|R, |y|R]]. Let d
dz
and d
dz¯
be formal differential operators acting
8on V[[z, z¯, |z|R]] by
d
dz
∑
s,s¯∈R
as,s¯z
sz¯s¯ =
∑
s,s¯∈R
sas,s¯z
s−1z¯s¯
d
dz¯
∑
s,s¯∈R
as,s¯z
sz¯s¯ =
∑
s,s¯∈R
s¯as,s¯z
sz¯s¯−1.
Since d
dz
|z|s = s|z|sz−1, the differential operators d
dz
and d
dz¯
acts on all the above vector
spaces. Define a linear map limz 7→ f (w) from a space of the formal variable (z, z¯) to a space
of the formal variable (w, w¯) if the substitution of ( f (w), f (w¯)) into (z, z¯) is well-defined,
that is, each coefficient is a finite sum. For example, limz 7→−z V((z, z¯, |z|R)) → V((z, z¯, |z|R))
is given by
lim
z 7→−z
∑
r,s∈R
ar,sz
r z¯s =
∑
r,s∈R
(−1)r−sar,szrz¯s.
Since ar,s = 0 for any r − s < Z, limz 7→−z is well-defined. Another example is
lim
x→x+y
: V((y/x, y¯/x¯, |y/x|R)) → V((y/x, y¯/x¯, |y/x|R)),
which is defined by
lim
x→x+y
(∑
r,s∈R
ar,s(y/x)
r(y¯/x¯)s
)
=
∑
r,s∈R
∑
i, j∈Z≥0
(−r
i
)(−s
j
)
ar,s(y/x)
r+i(y¯/x¯)s+ j,
where we used (x + y)s =
∑
m≥0
(
s
m
)
xs−mym. It is well-defined since ar,s = 0 for sufficiently
small r or s. We end this section by discussing a convergence of a formal power series in
C((z, z¯, |z|R)). Let f ∈ C((z, z¯, |z|R)). Then, there exists N ∈ R such that
|z|N f (z) =
∑
s,s¯∈R
s,s¯≥0
as,s¯z
sz¯s¯.(0.4)
We say the series f is absolutely convergent around 0 if |z|N f (z) is absolutely convergent in
{z ∈ Cn | |z| < R} for some R ∈ R>0. In this case, f (z) is compactly absolutely-convergent
to a continuous function in the annulus {z ∈ Cn | 0 < |z| < R} (for more details see [M2]).
1. Preliminaries
In this section, we briefly review the definition and results of a full vertex algebra,
studied in our previous paper [M2].
1.1. Space of generalized two point correlation functions. In this section, we recall the
definition of a space of generalized two point correlation functions, which is necessary to
define a full vertex algebra and a generalized full vertex algebra.
Let α1, . . . , αn ∈ CP1 and f be a C-valued real analytic function on CP1 \ {α1, . . . , αn}.
A chart (χ, α) of CP1 at a point α ∈ CP1 is a biholomorphism χ from an open subset U of
9CP1 to an open subset of C such that α ∈ U and χ(α) = 0. We say that f has a conformal
singularity at αi if for any chart (χ, αi) of CP
1 at αi, there exists a formal power series∑
r,s∈R
ar,sp
r p¯s ∈ C((p, p¯, |p|R))(1.1)
such that it is compactly absolutely-convergent to f ◦ χ−1(p) in the annulus {p ∈ C | 0 <
|p| < R} for some R ∈ R>0 (see [M2]). It is clear that the above condition is independent
of a choice of a chart and the coefficients of the series is uniquely determined by the chart.
Denote by F0,1,∞ the space of real analytic functions on CP1 \ {0, 1,∞} with possible
conformal singularities at {0, 1,∞}. In this paper, we consider special charts p, 1−p−1, p−1
at 0, 1,∞, which are related to the S 4-symmetry of four point correlation functions, see
[M2]. By the definition of a conformal singularity, for a chart χ(p) = p, 1 − p−1, p−1 and
f ∈ F0,1,∞, we have the expansion of f ◦ χ−1(p) around p = 0, which defines a linear map
j(χ(p),−) : F0,1,∞ → C((p, p¯, |p|R)), that is,
j(χ(p), f ) =
∑
r,s∈R
ar,sp
r p¯s,
where the right-hand-side is compactly absolutely-convergent to f ◦χ−1(p) around p = 0.
Set
U(x, y) = C((y/x, y¯/x¯, |y/x|R))[x±, y±, x¯±, y¯±, |x|R, |y|R]
and
Y2 = {(z1, z2) ∈ C2 | z1 , z2, z1 , 0, z2 , 0}.
Let η(z1, z2) : Y2 → CP1 \ {0, 1,∞} be a real analytic function defined by η(z1, z2) = z2z1 .
Then, for f ∈ F0,1,∞, f ◦ η is a real analytic function on Y2. Denote by GCor2 the space of
real analytic functions on Y2 spanned by
z
α1
1
z
α2
2
(z1 − z2)α12 z¯β11 z¯β22 (z¯1 − z¯2)β12 f ◦ η(z1, z2),(1.2)
where f ∈ F0,1,∞ and α1, α2, α12, β1, β2, β12 ∈ R satisfy α1 − β1, α2 − β2, α12 − β12 ∈ Z.
Remark 1.1. Since α1 − β1, α2 − β2, α12 − β12 ∈ Z and
z
α1
1
z
α2
2
(z1 − z2)α12 z¯β11 z¯β22 (z¯1 − z¯2)β12 = zα1−β21 zα2−β22 (z1 − z2)α12−β12 |z1|β1 |z2|β2 |z1 − z2|β12 ,
a function in GCor2 is a single-valued function on Y2.
Let µ(z1, z2) = z
α1
1
z
α2
2
(z1 − z2)α12 z¯β11 z¯β22 (z¯1 − z¯2)β12 f ◦ η(z1, z2) in (1.2). The expansions of
µ(z1, z2) in {|z1| > |z2|} and {|z2| > |z1|} are respectively given by
z
α1+α12
1
z¯
β1+β12
1
z
α2
2
z¯
β2
2
∑
i, j≥0
(
α12
i
)(
β12
j
)
(−z2/z1)i(−z¯2/z¯1) j lim
p→z2/z1
j(p, f )
(−1)α12−β12zα1
1
z¯
β1
1
z
α2+α12
2
z¯
β2+β12
2
∑
i, j≥0
(
α12
i
)(
β12
j
)
(−z1/z2)i(−z¯1/z¯2) j lim
p→z1/z2
j(p−1, f ),
which define maps
||z1 |>|z2 | : GCor2 → U(z1, z2), µ(z1, z2) 7→ µ(z1, z2)||z1 |>|z2 |
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and
||z2 |>|z1 | : GCor2 → U(z2, z1), µ(z1, z2) 7→ µ(z1, z2)||z2 |>|z1 |.
Since f ( z2
z1
) = f ( z2
z2+(z1−z2)) = f (
1
1+
z1−z2
z2
), the expansions of µ in {|z2| > |z1 − z2|} is given by
z
α1+α2
2
z¯
β1+β2
2
z
α12
0
z¯
β12
0
∑
i, j≥0
(
α1
i
)(
β1
j
)
(z0/z2)
i(z¯0/z¯2)
j lim
p→−z0/z2
j(1 − p−1, f ),
where z0 = z1 − z2. We denote it by
||z2 |>|z0 | : GCor2 → U(z2, z0), µ(z1, z2) 7→ µ(z0 + z2, z2)||z2 |>|z0 |.
By [M2], we have the following lemmas:
Lemma 1.1. [M2] If µ(z1, z2) ∈ GCor2 satisfies ddz¯1µ = 0, then µ(z1, z2) ∈ C[z±1 , (z1 −
z2)
±, z±2 , z¯
±
2 , |z2|R]. Furthermore, if ddz¯1µ =
d
dz¯2
µ = 0, then µ(z1, z2) ∈ C[z±1 , z±2 , (z1 − z2)±].
1.2. Definition of full vertex algebra. For an R2-graded vector space F =
⊕
t,t¯∈R2 Ft,t¯,
set F∨ =
⊕
t,t¯∈R2 F
∗
t,t¯
, where F∗
t,t¯
is the dual vector space of Ft,t¯. A full vertex algebra is an
R2-graded C-vector space F =
⊕
t,t¯∈R2 Ft,t¯ equipped with a linear map
Y(−, z) : F → End (F)[[z±, z¯±, |z|R]], a 7→ Y(a, z) =
∑
r,s∈R
a(r, s)z−r−1z¯−s−1
and an element 1 ∈ F0,0 satisfying the following conditions:
FV1) For any a, b ∈ F, Y(a, z)b ∈ F((z, z¯, |z|R));
FV2) Ft,t¯ = 0 unless t − t¯ ∈ Z;
FV3) For any a ∈ F, Y(a, z)1 ∈ F[[z, z¯]] and limz→0 Y(a, z)1 = a(−1,−1)1 = a.
FV4) Y(1, z) = id ∈ EndF;
FV5) For any a, b, c ∈ F and u ∈ F∨, there exists µ ∈ GCor2 such that
u(Y(a, z
1
)Y(b, z
2
)c) = µ(z1, z2)||z1 |>|z2 |,
u(Y(Y(a, z
0
)b, z
2
)c) = µ(z0 + z2, z2)||z2 |>|z0 |,
u(Y(b, z
2
)Y(a, z
1
)c) = µ(z1, z2)||z2 |>|z1 |.
FV6) Ft,t¯(r, s)Ft′,t¯′ ⊂ Ft+t′−r−1,t¯+t¯′−s−1 for any r, s, t, t′, t¯, t¯′ ∈ R.
Let F be a full vertex algebra and D and D¯ denote the endomorphism of F defined by
Da = a(−2,−1)1 and D¯a = a(−1,−2) for a ∈ F, i.e.,
Y(a, z)1 = a + Daz + D¯az¯ + . . . .
Define Y(a,−z) by Y(a,−z) = ∑r,s∈R(−1)r−sa(r, s)zrz¯s, where we used a(r, s) = 0 for
r − s < Z, which follows from (FV2) and (FV6). Then, we have:
Proposition 1.1. For a ∈ F, the following properties hold:
(1) Y(Da, z) = d/dzY(a, z) and Y(D¯a, z) = d/dz¯Y(a, z);
(2) D1 = D¯1 = 0;
(3) [D, D¯] = 0;
(4) Y(a, z)b = exp(zD + z¯D¯)Y(b,−z)a;
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(5) Y(D¯a, z) = [D¯, Y(a, z)] and Y(Da, z) = [D, Y(a, z)].
Let (F1, Y1, 11) and (F2, Y2, 12) be full vertex algebras. A full vertex algebra homomor-
phism from F1 to F2 is a grading preserving linear map f : F1 → F2 such that
(1) f (11) = 12
(2) f (Y1(a, z)−) = Y2( f (a), z) f (−) for any a ∈ F1.
The notions of a subalgebra and an ideal are defined in the usual way.
Let (V, Y, 1) be a Z-graded vertex algebra. Then, by a standard result of the theory of
a vertex algebra (see for example [FLM, FB]), u(Y(a, z1)Y(b, z2)c) is an expansion of a
rational polynomial in C[z±1 , z
±
2 , (z1 − z2)−1] ⊂ GCor2 in |z1| > |z2| for any u ∈ V∨ and
a, b, c ∈ V . Thus, we have:
Proposition 1.2. A Z-graded vertex algebra is a full vertex algebra.
Let (F, Y, 1) be a full vertex algebra. Set F¯ = F and F¯t,t¯ = F t¯,t for t, t¯ ∈ R. Define
Y¯(−, z) : F¯ → End (F¯)[[z, z¯, |z|R]] by Y¯(a, z) = ∑s,s¯∈R a(s, s¯)z¯−s−1z−s¯−1. Then, we have:
Proposition 1.3. (F¯, Y¯, 1) is a full vertex algebra.
We call it a conjugate full vertex algebra of (F, Y, 1).
1.3. Holomorphic vertex operators. Let F be a full vertex algebra. A vector a ∈ F
is said to be a holomorphic vector (resp. an anti-holomorphic vector) if D¯a = 0 (resp.
Da = 0). Let a ∈ ker D¯. Then, since 0 = Y(D¯a, z) = d/dz¯Y(a, z), we have a(r, s) = 0
unless s = −1. Hence, Y(a, z) = ∑n∈Z a(n,−1)z−n−1.
Lemma 1.2. Let a, b ∈ F. If D¯a = 0, then
Y(a, z) =
∑
n∈Z
a(n,−1)z−n−1
and for any n ∈ Z,
[a(n,−1), Y(b, z)] =
∑
i≥0
(
n
i
)
Y(a(i,−1)b, z)zn−i,
Y(a(n,−1)b, z) =
∑
i≥0
(
n
i
)
(−1)ia(n − i,−1)ziY(b, z) − Y(b, z)
∑
i≥0
(
n
i
)
(−1)i+na(i,−1)zn−i.
By Proposition 1.1, D¯Y(a, z)b = Y(D¯a, z)b + Y(a, z)D¯b = 0. Thus, the restriction of Y
on ker D¯ define a linear map Y(−, z) : ker D¯ → End ker D¯[[z±]]. By the above Lemma
and Lemma 1.1, we have:
Proposition 1.4. ker D¯ is a vertex algebra and F is a ker D¯-module.
Lemma 1.3. For a holomorphic vector a ∈ F and an anti-holomorphic vector b ∈ F,
[Y(a, z), Y(b, w¯)] = 0, that is, [a(n,−1), b(−1,m)] = 0 and a(k,−1)b = 0 for any n,m ∈ Z
and k ∈ Z≥0.
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1.4. Tensor product. Let F be a full vertex algebra. The set {(t, t¯) ∈ R2 | Ft,t¯ , 0} is
called a spectrum. The spectrum of F is said to be bounded below if there exists N ∈ R
such that Ft,t¯ = 0 for any t ≤ N or t¯ ≤ N and discrete if for any H ∈ R,
∑
t+t¯≤H dim Ft,t¯ is
finite. Then, we have:
Proposition 1.5. Let (F1, Y1, 11) and (F2, Y2, 12) be full vertex algebras. If the spectrum
of F1 is discrete and F2 is bounded below, then (F1 ⊗ F2, Y1 ⊗ Y2, 11 ⊗ 12) is a full vertex
algebra.
By Proposition 1.4, kerD and ker D¯ is a subalgebra of F and ker D¯ ⊗ kerD is a full
vertex algebra. Define a linear map t : ker D¯ ⊗ kerD → F by t(a ⊗ b) = a(−1,−1)b for
a ∈ ker D¯ and b ∈ kerD. Then, we have:
Proposition 1.6. The map t : ker D¯ ⊗ kerD → F is a full vertex algebra homomorphism.
2. Generalized full vertex algebras
In this section, we define and study a generalized full vertex algebra, which is a “full”
analogy of the notion of a generalized vertex algebra introduced in [DL].
2.1. Definition of generalized full vertex algebra.
Let H be a real finite dimensional vector space. For an R2 × H-graded vector space
Ω =
⊕
t,t¯∈R2,α∈H Ω
α
t,t¯
, set
Ω
∨
=
⊕
t,t¯∈R,α∈H
(Ωαt,t¯)
∗,
where (Ωα
t,t¯
)∗ is the dual vector space of Ωα
t,t¯
, and for α ∈ H,
Ω
α
=
⊕
t,t¯∈R
Ω
α
t,t¯.
Let MΩ be a subgroup of H generated by {α ∈ H | Ωα , 0}. A generalized full prever-
tex algebra is a real finite dimensional vector space H equipped with a non-degenerate
symmetric bilinear form
(−,−) : H × H → R
and an R2 × H-graded C-vector space Ω =⊕
t,t¯∈R,α∈H Ω
α
t,t¯
equipped with a linear map
Yˆ(−, z) : Ω→ EndΩ[[zR, z¯R]], a 7→ Yˆ(a, z) =
∑
r,s∈R
a(r, s)z−r−1z¯−s−1
and an element 1 ∈ Ω0
0,0
satisfying the following conditions:
GFPV1) For any α, β ∈ MΩ and a ∈ Ωα, b ∈ Ωβ, z(α,β)Yˆ(a, z)b ∈ Ω((z, z¯, |z|R));
GFPV2) Ωα
t,t¯
= 0 unless (α, α)/2 + t − t¯ ∈ Z;
GFPV3) For any a ∈ Ω, Yˆ(a, z)1 ∈ Ω[[z, z¯]] and limz→0 Yˆ(a, z)1 = a(−1,−1)1 = a;
GFPV4) Yˆ(1, z) = id ∈ EndΩ;
GFPV5) Ωα
t,t¯
(r, s)Ω
β
t′,t¯′ ⊂ Ω
α+β
t+t′−r−1,t¯+t¯′−s−1 for any r, s, t, t¯, t
′, t¯′ ∈ R and α, β ∈ MΩ.
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For α1, α2, α12 ∈ R, denote the formal power series
z
α1+α12
1
z
α2
2
∑
i≥0
(−z2/z1)i,
z
α1
1
z
α2+α12
2
∑
i≥0
(−z1/z2)i,
z
α12
0
z
α2+α1
2
∑
i≥0
(z0/z2)
i
by zα1
1
z
α2
2
(z1 − z2)α12 ||z1 |>|z2 |, zα11 zα22 (z2 − z1)α12 ||z2 |>|z1 | and (z2 + z0)α1zα22 zα120 ||z2 |>|z0 |, respectively.
A generalized full vertex algebra is a generalized full prevertex algebra (Ω, Yˆ , 1,H)
such that:
GFV) For any αi ∈ MΩ and ai ∈ Ωαi (i = 1, 2, 3) and u ∈ Ω∨, there exists µ(z1, z2) ∈
GCor2 such that
(z1 − z2)(α1 ,α2)z(α1 ,α3)1 z(α2,α3)2 ||z1 |>|z2 |u(Yˆ(a1, z1)Yˆ(a2, z2)a3) = µ(z1, z2)||z1 |>|z2 |,
z
(α1,α2)
0
(z2 + z0)
(α1 ,α3)z
(α2,α3)
2
||z2 |>|z0 |u(Yˆ(Yˆ(a1, z0)a2, z2)a3) = µ(z0 + z2, z2)||z2 |>|z0 |,
(z2 − z1)(α1 ,α2)z(α1 ,α3)1 z(α2,α3)2 ||z2 |>|z1 |u(Yˆ(a2, z2)Yˆ(a1, z1)a3) = µ(z1, z2)||z2 |>|z1 |.
Remark 2.1. we remark that z
(α1,α3)
1
z
(α2,α3)
2
(z1 − z2)(α1 ,α2) is not always a single-valued
function on Y2 (see Remark 1.1). In fact, anti-clockwise rotation of z2 around z1 will result
in
exp(2pii(α1, α2))z
(α1 ,α3)
1
z
(α2 ,α3)
2
(z1 − z2)(α1 ,α2).
Thus, the generalized correlation functions u(Yˆ(a1, z1)Yˆ(a2, z2)a3) is no longer an analytic
continuation of u(Yˆ(a2, z2)Yˆ(a1, z1)a3) along any path in general.
Remark 2.2. In the definition of a generalized full vertex algebra, we only need MΩ
equipped with a bilinear form MΩ × MΩ → R/2Z (see also Lemma 2.2).
Let Ω be a generalized full vertex algebra. Let D and D¯ denote the endomorphism of
Ω defined by setting Da = a(−2,−1)1 and D¯a = a(−1,−2)1 for a ∈ Ω, i.e.,
Yˆ(a, z)1 = a + Daz + D¯az¯ + . . . .
Let a ∈ Ωα and b ∈ Ωβ for α, β ∈ MΩ. Since z(α,β)Yˆ(a, z)b ∈ Ω((z, z¯, |z|R)), limz→−z z(α,β)Y(a, z)b
is well-defined. Then, similarly to the case of full vertex algebras [M2], we have:
Proposition 2.1. Let Ω be a generalized full vertex algebra. For v ∈ Ω and α, β ∈ MΩ,
a ∈ Ωα, b ∈ Ωβ, the following properties hold:
(1) Yˆ(Dv, z) = d/dzYˆ(v, z) and Yˆ(D¯v, z) = d/dz¯Yˆ(v, z);
(2) D1 = D¯1 = 0;
(3) [D, D¯] = 0;
(4) z(α,β)Yˆ(a, z)b = exp(zD + z¯D¯) limz→−z z(α,β)Yˆ(b, z)a;
(5) Yˆ(D¯v, z) = [D¯, Yˆ(v, z)] and Yˆ(Dv, z) = [D, Yˆ(v, z)].
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Proof. The proof of Proposition 1.1 also works for (1), (2), (3). Thus, we only prove (4)
and (5).
Let u ∈ Ω∨ and a ∈ Ωα and b ∈ Ωβ and µ(z1, z2) ∈ GCor2 satisfy
(z1 − z2)(α,β)u(Yˆ(a, z1)Yˆ(b, z2)1) = µ(z1, z2)||z1 |>|z2 |.
Since
µ(z0 + z2, z2)||z2 |>|z0 | = z(α,β)0 u(Yˆ(Yˆ(a, z0)b, z2)1) ∈ U(z2, z0)
and the right-hand-side contains only the positive power of z2 and z¯2, z
(α,β)
0
u(Yˆ(Yˆ(a, z
0
)b, z
2
)1) ∈
C[z2, z¯2][z
±
0 , z¯
±
0 , |z0|R]. Set p(z0, z2) = z(α,β)0 u(Yˆ(Yˆ(a, z0)b, z2)1). By (GFV) and setting
z′
0
= z2 − z1, we have
u(Yˆ(Yˆ(b, z′
0
)a, z
1
)1) = µ(z1, z
′
0 + z1)||z1 |>|z′0 | = p(−z′0, z1 + z′0)||z1 |>|z′0 |.
Thus,
z
(α,β)
0
u(Yˆ(a, z
0
)b) = p(z0, 0) = lim
z1→0
exp(z0
d
dz1
+ z¯0
d
dz¯1
)p(z0, z1 − z0)
= lim
z1→0
exp(z0
d
dz1
+ z¯0
d
dz¯1
) lim
z′
0
→−z0
z
′(α,β)
0
u(Yˆ(Yˆ(b, z′
0
)a, z
1
)1)
= lim
z1→0
z′
0
→−z0
u(Yˆ(exp(−z′0D − z¯′0D¯)z′(α,β)0 Y(b, z′0)a, z1)1)
= u(exp(z0D + z¯0D¯) lim
z′
0
→−z0
z
′(α,β)
0
Y(b, z′
0
)a).
Finally,
z(α,β)Yˆ(Da, z)b + (α, β)z(α,β)−1Yˆ(a, z)b
=
d
dz
z(α,β)Yˆ(a, z)b
=
d
dz
exp(Dz + D¯z¯)(−z)(α,β)Yˆ(b,−z)a
= D exp(Dz + D¯z¯)(−z)(α,β)Yˆ(b,−z)a
+ (α, β)z−1 exp(Dz + D¯z¯)(−z)(α,β)Y(b,−z)a − exp(Dz + D¯z¯)(−z)(α,β)Y(Db,−z)a
= z(α,β)DYˆ(a, z)b − z(α,β)Yˆ(a, z)Db + (α, β)z(α,β)−1Yˆ(a, z)b.
Thus, the assertion holds. 
A homomorphism from a generalized full vertex algebra (Ω1, Yˆ1, 11,H1) to a general-
ized full vertex algebra (Ω2, Yˆ2, 12,H2) is a pair of a linear map ψ : Ω1 → Ω2 and an
R-linear isomorphism ψ′ : H1 → H2 such that:
(1) ψ′ is isometric;
(2) ψ((Ω1)
α
t,t¯
) ⊂ (Ω2)ψ
′(α)
t,t¯
for any t, t¯ ∈ R and α ∈ MΩ1 ;
(3) ψ(11) = 12;
(4) ψ(Yˆ1(a, z)b) = Yˆ2(ψ(a), z)ψ(b) for any a, b ∈ Ω1.
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A subalgebra of a generalized full vertex algebra Ω is an R2 × H-graded subspace
Ω
′ ⊂ Ω such that 1 ∈ Ω′ and a(r, s)b ∈ Ω′ for any r, s ∈ R and a, b ∈ Ω′.
Lemma 2.1. Let Ω be a generalized full vertex algebra. Then, for a subgroup A ⊂ MΩ,⊕
α∈AΩ
α is a subalgebra of Ω.
Set
Rad MΩ = {α ∈ MΩ | (α, β) ∈ 2Z for any β ∈ MΩ}.
The following lemma is clear from the definition:
Lemma 2.2. Let αi ∈ MΩ and ai ∈ Ωαi for i = 1, 2, 3. Suppose that (αi, α j) ∈ Z for i , j.
Then, for any u ∈ Ω∨ there exists µ(z1, z2) ∈ GCor2 such that
u(Yˆ(a1, z1)Yˆ(a2, z2)a3) = µ(z1, z2)||z1 |>|z2 |
u(Yˆ(Yˆ(a1, z0)a2, z2)a3) = µ(z0 + z2, z2)||z2 |>|z0 |
(−1)(α1 ,α2)u(Yˆ(a2, z2)Yˆ(a1, z1)a3) = µ(z1, z2)||z2 |>|z1 |.
In particular,
⊕
α∈Rad MΩ Ω
α is a full vertex algebra.
Let α ∈ Rad MΩ and a ∈ Ωα satisfy D¯a = 0. Since Yˆ(D¯a, z) = d/dz¯Yˆ(a, z) = 0,
Yˆ(a, z) =
∑
n∈Z a(n,−1)z−n−1. Thus, similarly to the proof of Lemma 1.2 and Lemma 1.3,
we have:
Lemma 2.3. Let α ∈ Rad MΩ and a ∈ Ωα satisfy D¯a = 0. Then, for any b ∈ Ω,
[a(n,−1), Yˆ(b, z)] =
∑
i≥0
(
n
i
)
Yˆ(a(i,−1)b, z)zn−i.
Furthermore, if Db = 0, then a(i,−1)b = 0 for any i ≥ 0.
A generalized full conformal vertex algebra is a generalized full vertex algebra Ω with
distinguished vectors ω ∈ Ω0
2,0
and ω¯ ∈ Ω0
0,2
such that
(1) D¯ω = 0 and Dω¯ = 0;
(2) There exist scalars c, c¯ ∈ C such that ω(3,−1)ω = c
2
1, ω¯(−1, 3)ω¯ = c¯
2
1 and
ω(k,−1)ω = ω¯(−1, k)ω¯ = 0 for any k = 2 or k ∈ Z≥4.
(3) ω(0,−1) = D and ω¯(−1, 0) = D¯;
(4) ω(1,−1)|Ωα
t,t¯
= t and ω¯(−1, 1)|Ωα
t,t¯
= t¯ for any t, t¯ ∈ R and α ∈ MΩ.
We remark that {ω(n,−1)}n∈Z and {ω¯(−1, n)}n∈Z satisfy the commutation relation of Vi-
rasoro algebra by Lemma 2.3. The pair (ω, ω¯) is called an energy-momentum tensor of
the generalized full conformal vertex algebra in this paper. A notion of a full conformal
vertex algebra is defined similarly.
2.2. Locality and generalized full vertex algebra. In this section, we give a suffi-
cient condition for constructing a generalized full vertex algebra. Let (Ω, Yˆ , 1,H) be a
generalized full prevertex algebra. We assume that a generalized full prevertex algebra
(Ω, Yˆ, 1,H) with linear operators D, D¯ ∈ End Ω satisfies the following conditions:
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GFL1) [D, D¯] = 0 and D1 = D¯1 = 0;
GFL2) [D, Yˆ(a, z)] = d/dzYˆ(a, z) and [D¯, Yˆ(a, z)] = d/dz¯Yˆ(a, z) for any a ∈ Ω;
GFL3) For any αi ∈ MΩ and ai ∈ Ωαi (i = 1, . . . , 3) and u ∈ Ω∨, there exists µ(z1, z2) ∈
GCor2 such that
(z1 − z2)(α1 ,α2)z(α1,α3)1 z(α2,α3)2 ||z1 |>|z2 |u(Yˆ(a1, z1)Yˆ(a2, z2)a3) = µ(z1, z2)||z1 |>|z2 |,
(z2 − z1)(α1 ,α2)z(α1,α3)1 z(α2,α3)2 ||z2 |>|z1 |u(Yˆ(a2, z2)Yˆ(a1, z1)a3) = µ(z1, z2)||z2 |>|z1 |.
Then, we have:
Proposition 2.2. Let Ω be a generalized full prevertex algebra satisfying the above con-
ditions. Suppose that for any α ∈ MΩ, there exits N ∈ R such that Ωαt,t¯ = 0 unless t ≥ N
and t¯ ≥ N. Then, Ω is a generalized full vertex algebra.
Proof. Let ai ∈ Ωαiti,t¯i and u ∈ (Ω
α0
t0 ,t¯0
)∗ for αi ∈ MΩ, ti, t¯i ∈ R and i = 0, 1, 2.
First, we prove the skew-symmetry, that is,
z(α1,α2)Y(a2, z)a1 = exp(Dz + D¯z¯) lim
z→−z
z(α1,α2)Y(a1, z)a2.
Since DY(a2, z)1 = d/dzY(a2, z)1, we have Y(a2, z)1 = exp(Dz + D¯z¯)a2, which implies
that Da2 = a2(−2,−1)1 ∈ Ft2+1,t¯2 and thus DΩαt,t¯ ⊂ Ωαt+1,t¯ and D¯Ωαt,t¯ ⊂ Ωαt,t¯+1 for any t, t¯ ∈ R
and α ∈ MΩ. Then,
u(Yˆ(a1, z1)Yˆ(a2, z2)1) = u(Yˆ(a1, z1) exp(Dz2 + D¯z¯2)a2)
= lim
z12→(z1−z2)||z1 |>|z2 |
u(exp(Dz2 + D¯z¯2)Yˆ(a1, z12)a2).
Set t = t1 + t2 − t0 and t¯ = t¯1 + t¯2 − t¯0. Then, by (GFPV5),
u(exp(Dz2 + D¯z¯2)Yˆ(a1, z12)a2) =
∑
s1,s¯1∈R
∑
n,n¯∈Z≥0
1
n!n¯!
u(DnD¯n¯a1(s1, s¯1)a2)z
−s¯1−1
12
z¯
−s¯1−1
12
zn2z¯
n¯
2
=
∑
n,n¯∈Z≥0
1
n!n¯!
u(DnD¯n¯a1(h + n − 1, h¯ + n¯ − 1)a2)z−t−n12 z¯−t¯−n¯12 zn2z¯n¯2.
By (GFPV1), there exists an integer N such that a1(t + n − 1, t¯ + n¯ − 1)a2 = 0 for any
n ≥ N or n¯ ≥ N. Thus, zN+t
12
z¯N+t¯
12
u(exp(Dz2 + D¯z¯2)a2)Yˆ(a1, z12)a2) ∈ C[z12, z2, z¯12, z¯2]. By
(GFPV1), we may assume that (α1, α2) − t + t¯ ∈ Z. Set
p(z12, z2) = z
(α1,α2)
12
u(exp(Dz2 + D¯z¯2)a2)Yˆ(a1, z12)a2),
which is a polynomial in C[z±
12
, z¯±
12
, |z12|R, z2, z¯2] by zt12z¯t¯12 = zt−t¯12 |z12|t¯. Then, by (GFL3),
p(z12, z2) satisfies
lim
z12→(z1−z2)||z1 |>|z2 |
p(z12, z2) = (z1 − z2)(α1,α2)u(Yˆ(a1, z1)Yˆ(a2, z2)1)
lim
z12→(−z2+z1)||z2 |>|z1 |
p(z12, z2) = (z2 − z1)(α1,α2)u(Yˆ(a2, z2)Yˆ(a1, z1)1).
By taking z1 → 0, we have
z
(α1 ,α2)
2
u(Yˆ(a2, z2)a1) = p(−z2, z2) = limz12→−z2 z
(α1 ,α2)
12
u(exp(Dz2 + D¯z¯2)Yˆ(a1, z12)a2).
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Thus, the skew-symmetry holds.
Now, we will show (GFV). By the assumption, there exists µ(z1, z2) ∈ GCor2 such that
(z1 − z2)(α1 ,α2)z(α1,α3)1 z(α2,α3)2 ||z1 |>|z2 |u(Yˆ(a1, z1)Yˆ(a2, z2)a3) = µ(z1, z2)||z1 |>|z2 |.
By the skew-symmetry,
(z1−z2)(α1 ,α2)z(α1,α3)1 z(α2,α3)2 ||z1 |>|z2 |u(Yˆ(a1, z1)Yˆ(a2, z2)a3)
= (z1 − z2)(α1,α2)z(α1,α3)1 ||z1 |>|z2 |u(Yˆ(a1, z1) exp(Dz2 + D¯z¯2) limz′
2
→−z
2
z′(α2,α3)
2
Yˆ(a3, z
′
2
)a2)
= lim
z12→(z1−z2)||z1 |>|z2 |
z′2→−z2
z
(α1,α2)
12
(z12 − z′2)(α1 ,α3)u(exp(−Dz′2 − D¯z¯′2)Yˆ(a1, z12)z′
(α2 ,α3)
2
Yˆ(a3, z
′
2
)a2).
Since Ωα
t,t¯
= 0 for sufficiently small t or t¯, u(exp(−Dz′
2
− D¯z¯′
2
)−) is in Ω∨[z′
2
, z¯′
2
], i.e., a
finite sum. Since
µ(z12−z′2,−z′2)||z12 |>|z′2 | = (z12−z′2)(α1 ,α3)z
(α1 ,α2)
12
u(exp(−Dz′2−D¯z¯′2)Yˆ(a1, z12)z′
(α2,α3)
2
Yˆ(a3, z
′
2
)a2),
by (GFL3) and the skew-symmetry, we have
µ(z12−z′2,−z′2)||z′2 |>|z12 |
= (z′2 − z12)(α1 ,α3)z(α1,α2)12 u(exp(−Dz′2 − D¯z¯′2)Yˆ(a3, z′2)Yˆ(a1, z12)z′
(α2,α3)
2
a2)
= (1 − z12/z′2)(α1 ,α3)z(α1 ,α2)12 u(exp(−Dz′2 − D¯z¯′2)z′(α2+α1 ,α3)2 Yˆ(a3, z′2)Yˆ(a1, z12)a2)
= (1 − z12/z′2)(α1 ,α3)z(α1 ,α2)12 lim
z
2
→−z′
2
u(z
(α2+α1 ,α3)
2
Yˆ(Yˆ(a1, z12)a2), z2)a3)
= lim
z
2
→−z′
2
(z2 + z12)
(α1,α3)z
(α1,α2)
12
z
(α2 ,α3)
2
||z2 |>|z12 |u(Yˆ(Yˆ(a1, z12)a2), z2)a3).
Thus, we have (GFV). 
2.3. Standard construction. In this section, we construct a standard example of gen-
eralized full vertex algebras, as a generalization of a generalized lattice vertex algebra
constructed in [DL].
Let H be a real finite dimensional vector space equipped with a non-degenerate sym-
metric bilinear form
(−,−)lat : H × H → R.
Let P(H) be a set of R-linear maps p ∈ EndH such that:
P1) p2 = p, that is, p is a projection;
P2) The subspaces ker(1 − p) and ker(p) are orthogonal to each other.
Let P>(H) be a subset of P(H) consisting of p ∈ P(H) such that:
P3) ker(1 − p) is positive-definite and ker(p) is negative-definite.
For p ∈ P(H), set p¯ = 1 − p and Hl = ker(p¯) and Hr = ker(p). We will construct a
generalized full vertex algebra GH,p for each p ∈ P(H), which will be used to cancel the
monodromy of a generalized full vertex algebra.
Let p ∈ P(H). Define the new bilinear forms (−,−)p : H × H → R by
(h, h′)p = (ph, ph
′)lat − (p¯h, p¯h′)lat
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for h, h′ ∈ H. By (P1) and (P2), (−,−)p is non-degenerate. Let Hˆp =
⊕
n∈Z H ⊗ tn ⊕ Cc
be the affine Heisenberg Lie algebra associated with (H, (−,−)p) and Hˆp≥0 =
⊕
n≥0 H ⊗
tn ⊕ Cc a subalgebra of Hˆp. Define the action of Hˆp≥0 on the group algebra of H, C[H] =⊕
α∈H Ceα, by
ceα = eα
h ⊗ tneα =

0, n ≥ 1,
(h, α)peα, n = 0
for α ∈ H. Let GH,p be the Hˆp-module induced from C[H]. Denote by h(n) the action of
h ⊗ tn on GH,p for n ∈ Z. For h ∈ H, set
h(z, z¯) =
∑
n∈Z
((ph)(n)z−n−1 + (p¯h)(n)z¯−n−1) ∈ EndGH,p[[z±, z¯±]]
h+(z) =
∑
n≥0
((ph)(n)z−n−1 + (p¯h)(n)z¯−n−1)
h−(z) =
∑
n≥0
((ph)(−n − 1)zn + (p¯h)(−n − 1)z¯n).
E+(h, z) = exp
(
−
∑
n≥1
(
ph(n)
n
z−n +
p¯h(n)
n
z¯−n)
)
E−(h, z) = exp
(∑
n≥1
(
ph(−n)
n
zn +
p¯h(−n)
n
z¯n)
)
.
For hr ∈ Hr and hl ∈ Hl, hr(z) and hl(z) are denoted by hr(z) and hl(z).
Then, similarly to the case of a lattice vertex algebra [FLM], we have:
Lemma 2.4. For any h1, h2 ∈ H,
E+(h1, z1)E
−(h2, z2) =
(∑
n,n¯≥0
(
(ph1, ph2)p
n
)(
(p¯h1, p¯h2)p
n¯
)
zn2z
−n
1 z¯
n¯
2z¯
−n¯
1
)
E−(h2, z2)E
+(h1, z1).
We remark that the formal power series
∑
n,n¯≥0
(
(ph1 ,ph2)p
n
)(
(p¯h1, p¯h2)p
n¯
)
zn
2
z−n
1
z¯n¯
2
z¯−n¯
1
is equal to
(1 − z2/z1)(ph1 ,ph2)p(1 − z¯2/z¯1)(p¯h1, p¯h2)p ||z1 |>|z2 |.
Let α ∈ H. Denote by leα ∈ End C[H] the left multiplication by eα and define the linear
map zpαz¯ p¯α : C[H] → C[H][zR, z¯R] by zpαz¯ p¯αeβ = z(pα,pβ)p z¯(p¯α, p¯β)peβ for β ∈ H. Then, set
eα(z) = E
−(α, z)E+(α, z)leαz
pαz¯ p¯α ∈ End GH,p[[z±, z¯±]][zR, z¯R].
By Poincare´-Birkhoff-Witt theorem, GH,p is spanned by
{h1l (−n1 − 1) . . . hll(−nl − 1)h1r (−n¯1 − 1) . . . hkr(−n¯k − 1)eα},
where hi
l
∈ Hl, ni ∈ Z≥0 and h jr ∈ Hr, n¯ j ∈ Z≥0 for any 1 ≤ i ≤ l and 1 ≤ j ≤ k and
α ∈ H. Then, a map Yˆ : GH,p → End GH,p[[z±, z¯±]][zR, z¯R] is defined inductively as
follows: For α ∈ H, define Yˆ(eα, z) by Yˆ(eα, z) = eα(z). Assume that Yˆ(v, z) is already
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defined for v ∈ GH,p. Then, for hr ∈ Hr and hl ∈ Hl and n, n¯ ∈ Z≥0, Yˆ(hl(−n − 1)v, z) and
Yˆ(hr(−n¯ − 1)v, z) is defined by
Yˆ(hl(−n − 1)v, z) =
( 1
n!
d
dz
n
h−l (z)
)
Yˆ(v, z) + Yˆ(v, z)
( 1
n!
d
dz
n
h+l (z)
)
Yˆ(hr(−n¯ − 1)v, z) =
( 1
n¯!
d
dz¯
n
h−r (z¯)
)
Yˆ(v, z) + Yˆ(v, z)
( 1
n¯!
d
dz¯
n
h+r (z¯)
)
.
Set
1 = 1 ⊗ e0,
ωHl =
1
2
dimHl∑
i=1
hil(−1)hil,
ω¯Hr =
1
2
dimHr∑
j=1
h jr(−1)h jr,
where hi
l
and h
j
r is an orthonormal basis of Hl⊗RC and Hr⊗RC with respect to the bilinear
form (−,−)p. Set G = GH,p and
Gαt,t¯ = {v ∈ G | ω(1,−1)v = tv, ω¯(−1, 1)v = t¯v, h(0)v = (α, h)pv for any h ∈ H}
for t, t¯ ∈ R and α ∈ H.
For α ∈ H and n,m ∈ Z≥0, it is easy to show that Gα1
2
(pα,pα)p+n,
1
2
(p¯α, p¯α)p+m
is spanned by
{h1
l
(−i1) . . . hkl (−ik)h1r ( j1) . . . hlr( jl)eα}, where k, l ∈ Z≥0, hal ∈ Hl, hbr ∈ Hr, ia, jb ∈ Z≥1,
i1 + · · · + ik = n and j1 + · · · + jl = m for any a = 1, . . . , k and b = 1, . . . , l. Then,
G =
⊕
α∈H
⊕
n,m∈Z≥0
Ω
α
1
2
(pα,pα)p+n,
1
2
(p¯α, p¯α)p+m
and
Gα1
2
(pα,pα)p ,
1
2
(p¯α, p¯α)p
= Ceα.
Let a∗ ∈ C[H]∨ = ⊕
α∈H(Ceα)
∗ and < a∗,− > be the linear map Ω → C defined by the
composition of the projection G = C[H] ⊕⊕ n,m∈Z≥0
(n,m),(0,0)
Gα1
2
(pα,pα)p+n,
1
2
(p¯α, p¯α)p+m
→ C[H] and
a∗ : C[H] → C. Then, it is easy to verify < a∗,− > is a highest weight vector, that is,
< a∗, h(−n)− >= 0 for any n ≥ 1 and h ∈ H. Thus, for any α ∈ H, we have:
E+(α, z)1 = 1,
< a∗, E−(α, z)− > =< a∗,− > .
Thus, by using the above fact and Lemma 2.4, for αi ∈ H (i = 1, 2, 3) and a∗ ∈ C[H]∨,
we have
< a∗, Y(eα1 , z1)Y(eα2 , z2)eα3 > = z
(pα1 ,pα3)p
1
z¯
(p¯α1, p¯α3)p
1
z
(pα2,pα3)p
2
z¯
(p¯α2 , p¯α3)p
2
(z1 − z2)(pα1 ,pα2)p(z¯1 − z¯2)(p¯α1 , p¯α2)p ||z1 |>|z2 | < a∗, eα1eα2eα3 > .
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Since
(zi − z j)(pαi ,pα j)p(z¯i − z¯ j)(p¯αi, p¯α j)p = |(z¯i − z¯ j)|(p¯αi , p¯α j)p(zi − z j)(pαi ,pα j)p−(p¯αi, p¯α j)p
= |(z¯i − z¯ j)|(p¯αi , p¯α j)p(zi − z j)(αi ,α j)lat ,
the formal power series
z
−(α1 ,α3)lat
1
z
−(α2 ,α3)lat
2
(z1 − z2)−(α1 ,α2)lat ||z1 |>|z2 | < a∗, Y(eα1 , z1)Y(eα2 , z2)eα3 >
is a single-valued real analytic function in GCor2. Then, similarly to the proof of Propo-
sition 5.1 in [M2] with Proposition 2.2, we have:
Proposition 2.3. For p ∈ P(H), (GH,p, Yˆ , 1,H,−(−,−)lat, ωHl, ω¯Hr) is a generalized full
conformal vertex algebra.
We remark that the minus sign −(−,−)lat appears in the above proposition in our con-
vention.
We end this section by studying generalized full vertex algebra homomorphisms among
GH,p. Let (H, (−,−)) and (H′, (−,−)′) be real finite dimensional vector spaces with non-
degenerate symmetric bilinear forms and p ∈ P(H) and σ : H → H′ be an isometric
isomorphism. Then, σ · p = σ ◦ p ◦ σ−1 ∈ P(H′) and
(σh1, σh2)
′
σ·p = ((σ · p)σh1, (σ · p)σh2)′ − ((σ · p¯)σh1, (σ · p¯)σh2)′
= (σph1, σph2)
′ − (σp¯h1, σp¯h2)′
= (ph1, ph2) − (p¯h1, p¯h2)(2.1)
= (h1, h2)p.
Thus, σ induces an isometry from (H, (−,−)p) to (H′, (−,−)′σ·p) and an isomorphism of
Lie algebras σLie : Hˆ
p → Hˆ′σ·p, where Hˆp (resp. Hˆ′σ·p) is the Heisenberg Lie algebra
associated with (H, (−,−)p) (resp. (H′, (−,−)′σ·p)). Let σalg : C[H] → C[H′] be a linear
map defined by eα → eσ(α) for α ∈ H. Then, σalg : C[H] → C[H′] is a Hˆp≥0-module
homomorphism, where C[H′] is regarded as a Hˆp≥0-module by σLie. Thus, we have an
Hˆp-module homomorphism σ˜ : GH,p → GH′,σ·p. Since σalg : C[H] → C[H′] is a C-
algebra homomorphism, it is easy to show that (σ˜, σ) is a generalized full vertex algebra
homomorphism. Thus, we have:
Lemma 2.5. For p ∈ P(H) and an isometry σ : H → H′, (σ˜, σ) : GH,p → GH′,σ·p is an
isomorphism of generalized full vertex algebras.
2.4. Tensor product. Similarly to full vertex algebras, the spectrum of a generalized full
vertex algebra Ω is said to be bounded below if for any α ∈ MΩ, there exists N ∈ R
such that Ωα
t,t¯
= 0 for any t ≤ N or t¯ ≤ N and discrete if for any α ∈ MΩ and H ∈ R,∑
h+h¯<H dimΩ
α
t,t¯
is finite (see Section 2.3 in [M1]).
Let (Ω1, Yˆ1, 11,H1, (−,−)1) and (Ω2, Yˆ2, 12,H2, (−,−)2, ) be generalized full vertex alge-
bras and assume that the spectrum of Ω1 is discrete and the spectrum of Ω2 is bounded
21
below. Set H = H1⊕H2 andΩα1 ,α2t,t¯ =
⊕
s,s¯∈R(Ω1)
α1
s,s¯⊗(Ω2)α2t−s,t¯−s¯ for (α1, α2) ∈ MΩ1⊕MΩ2 ⊂
H1 ⊕ H2 and Ω =
⊕
α∈H,t,t¯∈RΩ
α
t,t¯
and 1 = 11 ⊗ 12.
Define the linear map Yˆ : Ω→ Ω[[zR, z¯R]] by Yˆ(a⊗b, z) = Yˆ1(a, z)⊗ Yˆ2(b, z) for a ∈ Ω1
and b ∈ Ω2. Then, for a, c ∈ Ω1 and b, d ∈ Ω2,
Yˆ(a ⊗ b, z)c ⊗ d =
∑
s,s¯,r,r¯∈R
a(s, s¯)c ⊗ b(r, r¯)dz−s−r−2z¯−s¯−r¯−2.
By (GFPV1), the coefficient of zkz¯k¯ is a finite sum for any k, k¯ ∈ R. Thus, Yˆ is well-
defined. Since the spectrum of Ω2 is bounded below, there exists N ∈ R such that
Ω
(α1,α2)
t0,t¯0
=
⊕
t,t¯≤N(Ω1)
α1
t,t¯
⊗ (Ω2)α2t0−t,t¯0−t¯. Since the spectrum of Ω1 is discrete, the sum is
finite. Thus,
(
Ω
(α1 ,α2)
t0 ,t¯0
)∗
=
⊕
t,t¯∈R
(
(Ω1)
α1
t,t¯
)∗ ⊗ ((Ω2)α2t0−t,t¯0−t¯)∗. Define the bilinear form on H
by ((α1, α2), (β1, β2)) = (α1, β1)1 + (α2, β2)2 for αi, βi ∈ Hi (i = 1, 2). Then, we have:
Proposition 2.4. (Ω, Yˆ, 1,H, (−,−)) defined above is a generalized full vertex algebra.
Furthermore, if both Ω1 and Ω2 have energy-momentum tensors, then Ω is a generalized
full conformal vertex algebra.
The subalgebra of Ω1 ⊗ Ω2 associated with a subgroup A ⊂ H1 ⊕ H2 is denoted by
Ω1 ⊗A Ω2 (see Lemma 2.1).
2.5. Cancellation of monodromy. Let (Ω, Yˆ, 1,H) be a generalized full vertex algebra
and p ∈ P(H). The following lemma follows from the construction:
Lemma 2.6. The spectrum of the generalized full vertex algebra GH,p constructed in
Proposition 2.3 is discrete and bounded below.
Assume that the spectrum of Ω is bounded below. We consider the tensor product of
generalized full vertex algebras Ω and GH,p. Set ∆H = {(α, α) ∈ H ⊕ H}α∈H, which is a
subgroup of H⊕H. Then, by Lemma 2.1, (GH,p⊗∆HΩ,H⊕H) is a generalized full vertex
algebra. We denote it by FΩ,H,p. Since the inner product of (α, α), (β, β) ∈ ∆H ⊂ H ⊕ H
is ((α, α), (β, β)) = (α, β) − (α, β) = 0 by the minus sign in Proposition 2.3, FΩ,H,p is a full
vertex algebra by Lemma 2.2. Thus, we have:
Theorem 2.1. For a generalized full vertex algebra (Ω, Yˆ , 1,H) and p ∈ P(H), FΩ,H,p is
a full vertex algebra. Furthermore, if Ω has an energy-momentum tensor, then FΩ,H,p is a
full conformal vertex algebra.
2.6. AH pair and adjoint functor. In this section, we study the simplest example of
generalized full vertex algebras and construct a lattice full vertex algebra by using Theo-
rem 2.1. The results of this section are not needed for our purpose. The reader may skip
this section if desired.
We first recall a concept of AH pairs introduced in [M1], which is a commutative
algebra object of some braided tensor category (see [M2], Section 5.3).
Let H be a finite-dimensional vector space over R equipped with a non-degenerate
symmetric bilinear form (−,−) and A a unital associative algebra over C with the unity 1.
Assume that A is graded by H as A =
⊕
α∈H A
α.
22
We will say that such a pair (A,H) is an even AH pair if the following conditions are
satisfied:
AH1) 1 ∈ A0 and AαAβ ⊂ Aα+β for any α, β ∈ H ;
AH2) AαAβ , 0 implies (α, β) ∈ Z;
AH3) For v ∈ Aα,w ∈ Aβ, vw = (−1)(α,β)wv.
AH4) (α, α) ∈ 2Z for any α ∈ H with Aα , 0.
Let (A,H) be an even AH-pair. Define an R2 × H-grading on A by
Aα
t,t¯
= 0 if (t, t¯) , (0, 0),
Aα
0,0
= Aα
for any α ∈ H and set Yˆ(a, z) = la ∈ EndA for a ∈ A, where la is the left multiplication by
a and 1 = 1.
Proposition 2.5. For an even AH pair (A,H), (A, Yˆ , 1,H) is a generalized full conformal
vertex algebra with an energy-momentum tensor (0, 0).
Proof. It is clear from the definition that Yˆ is a generalized full prevertex algebra. Let
ai ∈ Aαi and u ∈ A∨. Then, u(a1(a2a3)) = (−1)(α1 ,α2)u(a2(a1a3)) = u((a1a2)a3) by (AH3),
which implies that (GFV) holds. In this case, D and D¯ are zero. Thus, (0, 0) is an energy-
momentum tensor. 
For even AH pairs (A,HA) and (B,HB), a homomorphism of even AH pairs is a pair
( f , f ′) of maps f : A −→ B and f ′ : HA −→ HB such that f is an algebra homomorphism
and f ′ an isometry such that f (Aα) ⊂ B f ′(α) for all α ∈ HA. We denote by Even AH pair
the category of even AH pairs. Then, Proposition 2.5 gives a functor from the category
of even AH pairs to the category of generalized full conformal vertex algebras, denoted
by i : Even AH pair → Generalized full CVA. In the rest of this section, we construct an
adjoint functor followed by [M1].
Let (Ω,H, ω, ω¯) be a generalized full conformal vertex algebra. Set AΩ = kerD∩ker D¯.
By Proposition 2.1, D and D¯ act as derivations of the algebra. Thus, AΩ is a subalgebra
of Ω. If a ∈ AΩ, by Proposition 2.1 again, Yˆ(a, z) = a(−1,−1) ∈ EndΩ, that is, the vertex
operator is independent of the position. By Lemma 2.3, ω(1,−1)AΩ = ω¯(−1, 1)AΩ = 0.
Thus, AΩ is an H-graded subspace of
⊕
α∈H Ω
α
0,0
. Set Aα
Ω
= AΩ ∩ Ωα0,0 for α ∈ H. Define
a product on AΩ by
a · b = a(−1,−1)b,
for a, b ∈ AΩ. Then, we have:
Proposition 2.6. (AΩ,H) is an even AH-pair.
Proof. Let 0 , a ∈ Aα
Ω
and 0 , b ∈ Aβ
Ω
. Since a ∈ Ωα
0,0
, by (GFPV2), (α, α) ∈ 2Z.
By (GFPV3) and (GFPV4), 1 is unity and (AH1) holds. Assume that a · b , 0. Since
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a · b = Yˆ(a, z)b ∈ z(α,β)Ω((z, z¯, |z|)), (α, β) ∈ Z. By (GFV), a(bc) = (−1)(α,β)b(ac) = (ab)c
for any c ∈ AΩ. Thus, AΩ is an even AH pair. 
This correspondence
A : Generalized full CVA→ Even AH pair, (Ω,H) 7→ (AΩ,H)
is a functor since a morphism of generalized full vertex algebras preserves the vacuum
vector 1, thus, commutes with D, D¯.
Proposition 2.7. The above functor A : Generalized full CVA → Even AH pair is right
adjoint to i : Even AH pair → Generalized full CVA.
Proof. Let (A,H) be an even AH pair and (Ω,H′) a generalized full conformal vertex
algebra and f : A → Ω a generalized full vertex algebra homomorphism. Since DA =
D¯A = 0 and f commutes with D, D¯, the image of f is in AΩ. Thus, we have f : A → AΩ,
which is an even AH pair homomorphism. Since the rest of the argument is completely
similar to the proof of [M1, Theorem 3.1], the details are left to the reader. 
We end this section by recalling examples of AH pairs and construct a lattice full vertex
algebra by using Theorem 2.1, which was constructed in [M2].
Let L be an even non-degenerate lattice, that is, L is an abelian group of finite rank
equipped with a symmetric bilinear form
(−,−) : L × L → Z
such that (α, α) ∈ 2Z for any α ∈ L and the induced bilinear form on the real vector
space L ⊗Z R is non-degenerate. A twisted group algebra C[Lˆ] =
⊕
α∈L Ceα constructed
in [FLM] is a unique associative algebra satisfying the following conditions:
For any α, β ∈ L,
(1) e0 is a unit;
(2) eαeβ ∈ Ceα+β;
(3) eαeβ , 0;
(4) eαeβ = (−1)(α,β)eβeα.
Since C[Lˆ] is an even AH pair, it is a generalized full vertex algebra. Thus, by Theorem
2.1, for any p ∈ P(L ⊗Z R), FC[Lˆ],L⊗ZR,p is a full conformal vertex algebra . We denote it
by FL,L⊗ZR,p and call a lattice full vertex algebra.
3. FullH-vertex algebra
In this section, we introduce a notion of a full H-vertex algebra and show that the
vacuum space of a fullH-vertex algebra is a generalized full vertex algebra.
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3.1. Full H-vertex algebras to generalized full vertex algebra. Let Hl and Hr be
real finite dimensional vector subspaces of a full vertex algebra F equipped with non-
degenerate symmetric bilinear forms (, )l : Hl ×Hl → R and (, )l : Hr ×Hr → R satisfying
the following conditions:
For any hl, h
′
l
∈ Hl and hr, h′r ∈ Hr,
(1) Hl ⊂ F1,0 and Hr ⊂ F0,1;
(2) D¯Hl = 0 and DHr = 0;
(3) hl(1,−1)h′l = (hl, h′l)l1, hr(−1, 1)h′r = (hr, h′r)r1;
(4) hl(n,−1)h′l = 0, hr(−1, n)h′r = 0 for any n = 0 or n ∈ Z≥2.
Since hl ∈ Hl is a holomorphic vector, by Lemma 1.2, Y(hl, z) =
∑
n∈Z hl(n,−1)z−n−1.
Hereafter, we will use a shorthand notation for hl ∈ Hl, hr ∈ Hr and n ∈ Z, hl(n) = h(n,−1)
and hr(n) = hr(−1, n). Set hl(z) = Y(hl, z) =
∑
n∈Z hl(n)z
−n−1 and hr(z¯) = Y(hr, z) =∑
n∈Z hr(n)z¯
−n−1. By Lemma 1.2 and Lemma 1.3,
[hl(n), h
′
l(m)] = (hl, h
′
l)lnδn+m,0
[hr(n), h
′
r(m)] = (hr, h
′
r)rnδn+m,0
[hl(n), hr(m)] = 0,
for any n,m ∈ Z and hl, h′l ∈ H and hr, h′r ∈ Hr. Let MHl(0) and MHr(0) be affine Heisen-
berg vertex algebras associated with (Hl, (−,−)l) and (Hr, (−,−)r). Set H = Hl ⊕ Hr and
let p, p : H → H be projections on Hl and Hr and
MH,p = MHl(0) ⊗ MHr(0),
the tensor product of the vertex algebra MHl(0) and the conjugate vertex algebra MHr(0)
(see Proposition 1.3 and Proposition 1.5).
Proposition 3.1. If subspaces Hl and Hr of a full vertex algebra F satisfy the above
conditions, then the full vertex algebra generated by Hl and Hr is isomorphic to the full
vertex algebra MH,p.
Proof. By Proposition 1.4, the full vertex algebra generated by Hl ⊂ ker D¯ (resp. Hr ⊂
kerD) is isomorphic to MHl(0) (resp. MHr(0)). By Proposition 1.6, the full vertex algebra
generated by Hl and Hr is in the image of MH,p ⊂ ker D¯⊗kerD. Since MH,p is simple, the
assertion follows. 
Thus, the above conditions are equivalent to a full vertex algebra homomorphism t :
MH,p → F.
For α ∈ H and h, h¯ ∈ R, we let Ωα
F,H
be the set of all vectors v ∈ F satisfying the
following conditions:
(1) hl(n)v = 0 and hr(n)v for any hl ∈ Hl and hr ∈ Hr and n ≥ 1.
(2) hl(0)v = (hl, pα)lv and hr(0)v = (hr, p¯α)rv for any hl ∈ Hl and hr ∈ Hr.
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Set
ΩF,H =
⊕
α∈H
Ω
α
F,H
and
(ΩF,H)
α
t,t¯ = Ft+ (pα,pα)l
2
,t¯+
( p¯α,p¯α)r
2
∩ΩαF,H
for α ∈ H and t, t¯ ∈ R.
We call the above triple (F,H, p) a full H-vertex algebra if the following conditions
hold:
FH1) hl(0) and hr(0) are semisimple on F with real eigenvalues for any hl ∈ Hl and
hr ∈ Hr;
FH2) For any α ∈ H, there exists N ∈ R such that Fα
t,t¯
= 0 for t ≤ N or t¯ ≤ N.
Let (F,H, p) be a full H-vertex algebra. By (FH1) and (FH2) and the representation
theory of an affine Heisenberg Lie algebra ([FLM, Theorem 1.7.3]), F is isomorphic to⊕
α∈H MH,p ⊗ΩαF,H as an MH,p-module. In particular, F is generated by the subspace ΩF,H
as a module of the Heisenberg Lie algebra Hˆ.
For α ∈ H, define z(pα)(0)z¯(p¯α)(0) ∈ EndΩF,H[zR, z¯R] by
z(pα)(0)z¯(p¯α)(0)v = z(pα,pβ)l z¯(p¯α, p¯β)rv
for v ∈ Ωβ
F,H
. For α ∈ H, set
E−(α, z) = exp
(∑
n≥1
pα(−n)
n
zn +
p¯α(−n)
n
z¯n
)
E+(α, z) = exp
(∑
n≥1
pα(n)
−n z
−n
+
p¯α(n)
−n z¯
−n).
Then, for any hl ∈ Hl and n > 0,
[hl(n), E
−(α, z)] = (hl, α)lz
nE−(α, z)
[hl(−n), E+(α, z)] = (hl, α)lz−nE−(α, z)
[hl(n), E
+(α, z)] = 0
[hl(−n), E−(α, z)] = 0
[hl(0), E
±(α, z)] = 0
hold (Similar results hold for hr ∈ Hr.).
Let v ∈ Ωα
F,H
. Set
Yˆ(v, z) = E−(−α, z)Y(v, z)E+(−α, z)z(−pα)(0) z¯(−p¯α)(0).
By Lemma 1.2,
[hl(n), Y(v, z)] = (hl, α)lz
nY(v, z)
[hr(n), Y(v, z)] = (hr, α)rz¯
nY(v, z)
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for any hl ∈ Hl and hr ∈ Hr and n ∈ Z. Hence, we have [h(n), Yˆ(v, z)] = 0 and
[h¯(n), Yˆ(v, z)] = 0 for any 0 , n ∈ Z and v ∈ ΩH,H, hl ∈ Hl, hr ∈ Hr. Thus, Yˆ(v, z)
preserves ΩF,H, that is Yˆ(v, z) ∈ EndΩF,H[[zR, z¯R]], which defines a product on ΩF,H.
Set
ωHl =
1
2
∑
i
hil(−1,−1)hil ∈ F2,0
ωHr =
1
2
∑
i
hir(−1,−1)hir ∈ F0,2,
where {hi
l
}i is an orthonormal basis of Hl⊗RC and {hir}i is an orthonormal basis of Hr⊗RC,
and
DΩ = D − ωHl(0,−1), D¯Ω = D¯ − ωHr(−1, 0)
and
LΩ(0) = LF(0) − ωHl(1,−1), LΩ(0) = LF(0) − ωHr(−1, 1),
where LF(0), LF(0) ∈ EndF are defined by LF(0)|Ft,t¯ = t and LF(0)|Ft,t¯ = t¯ for t, t¯ ∈ R.
Then, we have:
Lemma 3.1. For any v ∈ Ωα ∩ Ft,t¯,
[DΩ, Yˆ(v, z)] = d/dzYˆ(v, z),
[D¯Ω, Yˆ(v, z)] = d/dz¯Yˆ(v, z),
[LΩ(0), Yˆ(v, z)] = (zd/dz + t −
(pα, pα)l
2
)Yˆ(v, z),
[LΩ(0), Yˆ(v, z)] = (z¯d/dz¯ + t¯ − (p¯α, p¯α)r
2
)Yˆ(v, z).
Proof. It is easy to show thatDΩ, D¯Ω, LΩ(0), LΩ(0) commute with the action of the Heisen-
berg Lie algebra Hˆ. Since [ωHl(0), Y(v, z)] = Y(ωHl(0)v, z) and ωHl(0) =
∑
i
∑
k≥0 hi(−k −
1)hi(k), we have [ωHl(0), Y(v, z)] = Y((pα)(−1,−1)v, z). Since, by Lemma 1.2,
Y((pα)(−1,−1)v, z) = (pα)+(z)Y(v, z) + Y(v, z)(pα)−(z),
we have
[DΩ, Yˆ(v, z)] = E
−(−α, z)[DΩ, Y(v, z)]E+(−α, z)z(−pα)(0)z¯(−p¯α)(0)
= E−(−α, z)(d/dzY(v, z) − Y((pα)(−1,−1)v, z)E+(−α, z)z(−pα)(0) z¯(−p¯α)(0)
= d/dzYˆ(v, z)
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Since ωHl(1,−1) =
∑
i
(
1/2hi(0)hi(0) +
∑
k≥1 hi(−k)hi(k)
)
, we have [ωHl(1,−1), Y(v, z)] =
Y(ωHl(0,−1)v, z)z + Y(ωHl(1,−1)v, z) = zY((pα)(−1,−1)v, z) + (pα,pα)l2 Y(v, z). Thus, simi-
larly to the above,
[LΩ(0), Yˆ(v, z)] = E
−(−α, z)[LΩ(0), Y(v, z)]E+(−α, z)z(−pα)(0) z¯(−p¯α)(0)
= E−(−α, z)
((
zd/dz + h − (pα, pα)l
2
)
Y(v, z) − zY((pα)(−1,−1)v, z)
)
E+(−α, z)z(−pα)(0)z¯(−p¯α)(0)
= (zd/dz + (h − (pα, pα)l
2
))Yˆ(v, z).

Define a new bilinear form (−,−)lat on H by
(α, β)lat = (pα, pβ)l − (p¯α, p¯β)r
for α, β ∈ H. The main result of this section is the following theorem:
Theorem 3.1. For a fullH-vertex algebra (F,H, p), (ΩF,H, Yˆ , 1,H, (−,−)lat) is a general-
ized full vertex algebra.
Proof. We first show that (ΩF,H, Yˆ , 1,H, (−,−)lat) is a generalized full prevertex algebra.
(GFPV2)-(GFPV4) is obvious. For α, β ∈ MΩ and a ∈ Ωα and b ∈ Ωβ, Yˆ(a, z)b =
E−(−α, z)Y(a, z)z−(pα,pβ)l z¯−(p¯α, p¯β)r . Since z−(pα,pβ)l z¯−(p¯α, p¯β)r = z−(α,β)lat |z|−(p¯α, p¯β)r , (GFPV1) holds.
By Lemma 3.1, (GFPV5) holds. Now, we will show the assertion by using Proposition
2.2. (GFL1) and (GFL2) follow from Lemma 3.1. It suffices to show that (GFL3). Let
ai ∈ Ωαi for i = 1, 2, 3 and u ∈ Ω∨. We remark that MH,p is graded by ωHl(1,−1) and
ωHr(−1, 1). Then, (MH,p)0,0 = C1 andMH,p =
⊕
n,m≥0(MH,p)n,m. Set M
+
H,p =
⊕
(n,m),(0,0)
(MH,p)n,m.
Denote by pi the projection of F = MH,p ⊗ Ω = C1 ⊗ Ω ⊕ M+H,p ⊗ Ω to C1 ⊗ Ω. Then,
u′ = u ◦pi ∈ F∨. By the construction, u′(h(−n)−) = u′(h¯(−n)−) = 0 for any n ∈ Z≥1. Since
Y(ai, zi) = E
−(αi, zi)Yˆ(ai, zi)E
+(αi, zi)z
(−pαi)(0)
i
z¯
(−p¯αi)(0)
i
for i = 1, 2, we have
u(Y(a1, z1)Y(a2, z2)a3)
= u(Yˆ(a1, z1)E
+(α1, z1)z
(pα1)(0)
1
z¯
(p¯α1)(0)
1
E−(α2, z2)Yˆ(a2, z2)z
(pα2)(0)
2
z¯
(p¯α2)(0)
2
a3)
= z
(pα1 ,pα2+pα3)l
1
z
(pα2 ,pα3)l
2
z¯
(p¯α1 , p¯α2+p¯α3)r
1
z¯
(p¯α2, p¯α3)r
2
u(Yˆ(a1, z1)E
+(α1, z1)E
−(α2, z2)Yˆ(a2, z2)a3).
By Lemma 2.4
E+(α1, z1)E
−(α2, z2) = (1 − z2/z1)(pα1 ,pα2)l(1 − z¯2/z¯1)(p¯α1 , p¯α2)rE−(α2, z2)E+(α1, z1).
Since {h(n), h¯(n)}n,0,h∈Hl,h¯∈Hr commute with Yˆ(ai, zi), we have
u(Y(a1, z1)Y(a2, z2)a3)
z
(pα1,pα3)l
1
z
(pα2,pα3)l
2
z¯
(p¯α1, p¯α3)r
1
z¯
(p¯α2 , p¯α3)r
2
(z1 − z2)(pα1 ,pα2)l(z¯1 − z¯2)(p¯α1 , p¯α2)ru(Yˆ(a1, z1)Yˆ(a2, z2)a3).
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Since
z
(pα1,pα3)l
1
z
(pα2,pα3)l
2
z¯
(p¯α1, p¯α3)r
1
z¯
(p¯α2, p¯α3)r
2
(z1 − z2)(pα1 ,pα2)l(z¯1 − z¯2)(p¯α1 , p¯α2)r
= z
(α1,α3)lat
1
z
(α2 ,α3)lat
2
(z1 − z2)(α1 ,α2)lat |z1|(p¯α1 , p¯α3)r |z2|(p¯α2 , p¯α3)r |(z1 − z2)|(p¯α1 , p¯α2)r
and |z1|(p¯α1, p¯α3)r |z2|(p¯α2, p¯α3)r |(z1 − z2)|(p¯α1, p¯α2)r ∈ GCor2, (GFL3) follows from (FV5). 
By Lemma 3.1 and Theorem 3.1, we have:
Corollary 3.1. Let (F,H, p) be a fullH-vertex algebra and (ω, ω¯) be an energy-momentum
tensor of the full vertex algebra F. If ω(n + 2,−1)Hl = 0 and ω¯(−1, n + 2)Hr = 0 for
n ∈ Z≥0, then (ω − ωHl, ω¯ − ωHr) is an energy-momentum tensor of the generalized full
vertex algebra ΩF,H.
3.2. Equivalence between categories. In this section, we show that Theorem 2.1 and
Theorem 3.1 gives an equivalence between a category of full H-vertex algebras and a
category of generalized full vertex algebras with an additional structure p.
We first define these categories. A morphism from a fullH-vertex algebra (F1,H1, p1)
to a fullH-vertex algebra (F2,H2, p2) is a full vertex algebra homomorphism φ : F1 → F2
such that φ(H1) = H2. We denote the category of fullH-vertex algebras by FullH-VA.
Let bGFVp denote the following category. The objects are pairs of a generalized full
vertex algebra (Ω,H) whose spectrum is bounded below and p ∈ P(H). A morphism from
(Ω1,H1, p1) to (Ω2,H2, p2) is a generalized full vertex algebra homomorphism (ψ, ψ
′) :
(Ω1,H1) → (Ω2,H2) satisfying ψ′ ◦ p1 = p2 ◦ ψ′.
Let (F,H, p) be a full H-vertex algebra. Then, p ∈ P(H). Thus, (ΩF,H ,H, p) is an
object in bGFVp.
Lemma 3.2. The assignment Ω : FullH-VA → bGFVp, (F,H, p) 7→ (ΩF,H ,H, p) is a
functor.
Proof. Let φ be a morphism from a full H-vertex algebra (F1,H1, p1) to a full H-vertex
algebra (F2,H2, p2). Since φ preserves the vacuum vector, φ(ker p1) = φ(H1 ∩ kerD) =
H2 ∩ kerD = ker p2. Since φ(hl(1,−1)h′l) = φ(hl)(1,−1)φ(h′l) for any hl, h′l ∈ (H1)l, φ is an
isometric isomorphism between H1 and H2 and φ ◦ p1 = p2 ◦ φ. Since the restriction of φ
on the vacuum spaces gives a linear map φ|ΩF1 ,H1 : ΩF1 ,H1 → ΩF2 ,H2 , the pair (φ|ΩF1 ,H1 , φ|H1)
is a morphism of bGFVp. 
Let (Ω,H, p) be an object in bGFVp. Then, FΩ,H,p is a full vertex algebra. Since
MH,p = G
0
H,p
⊗ C1 ⊂ G0
H,p
⊗Ω0 ⊂ FΩ,H,p, FΩ,H,p is naturally a fullH-vertex algebra.
Lemma 3.3. The assignment F : bGFVp → FullH-VA, (Ω,H, p) 7→ (FΩ,H,p,H, p) is a
functor.
Proof. Let (Ω1,H1, p1) and (Ω2,H2, p2) be objects in bGFVp and (ψ, ψ
′) be a morphism
from (Ω1,H1, p1) to (Ω2,H2, p2). Since ψ
′ is an isometric isomorphism, by Lemma 2.5,
we have an isomorphism of generalized full vertex algebras
ψ˜′ : GH1,p1 → GH2,p2 ,
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where we used ψ′ ◦ p1 = p2 ◦ ψ′. Then, we have a generalized full vertex algebra homo-
morphism
ψ˜′ ⊗ ψ : GH1,p1 ⊗Ω1 → GH2,p2 ⊗Ω2.
The restriction of the homomorphism on GH1,p1 ⊗∆H1 Ω1 ⊂ GH1,p1 ⊗ Ω1 gives us a full
H-vertex algebra homomorphism as desired. 
It is clear that the above functors are mutually inverse equivalences. Thus, we have:
Theorem 3.2. Ω : FullH-VA → bGFVp and F : bGFVp→ FullH-VA gives an equiva-
lence of categories.
Corollary 3.2. Let (F,H, p) be a fullH-vertex algebra. Then, F is isomorphic to FΩF,H ,H,p =
GH,p ⊗∆H ΩF,H as a fullH-vertex algebra.
4. Current-current deformation
In this section, we define and study a current-current deformation of a full H-vertex
algebra.
Let (F,H, p0) be a fullH-vertex algebra. For p ∈ P(H), set Fp = GGH,p⊗∆HΩF,H ,H. Then,
by Theorem 2.1, Fp is a full H-vertex algebra. Thus, we have a family of full H-vertex
algebras parametrized by P(H). By Corollary 3.2, Fp0 is isomorphic to F as a full H-
vertex algebra.
Let O(H;R) be the orthogonal group of the real vector space (H, (−,−)lat). Then,
O(H;R) acts on P(H) by σ · p = σpσ−1 for σ ∈ O(H;R) and p ∈ P(H). From the
elementary linear algebra, the following lemma follows:
Lemma 4.1. For projections p, p′ ∈ P(H), the following conditions are equivalent:
(1) There exits σ ∈ O(H;R) such that σ · p = p′.
(2) The signature of the real spaces ker p and ker p′ are the same.
Thus, the O(H;R) orbit of p0 ∈ P(H) is equal to the orthogonal Grassmannian
O(H;R)/O(Hl;R) × O(Hr;R),
which is the connected component of P(H) containing p0.
We call the family of fullH-vertex algebras {Fσ·p0}σ∈O(H;R) a current-current deforma-
tion of the fullH-vertex algebra (F,H, p).
4.1. Physical meaning of deformation. In this section, we discuss a relation between a
current-current deformation of a fullH-vertex algebra and a current-current deformation
in physics. Let (F,H, p) be a full H-vertex algebra and hl ∈ ker p¯ and hr ∈ ker p satisfy
(hl, hl)lat = 1 and (hr, hr)lat = −1. Set H⊥ = {h ∈ H | (h, hl)lat = 0, (h, hr)lat = 0} and define
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a group homomorphism σ : R→ O(H;R) g 7→ σ(g) by
σ(g)|H⊥ = id,
σ(g)(hl) = cosh(g)hl + sinh(g)hr,
σ(g)(hr) = cosh(g)hr + sinh(g)hl.
It is believed that a quantum field theory can be deformed by adding a new field to the
Lagrangian (see Introduction). We can show that the deformation family {Fσ(g)·p}g∈R cor-
responds to the deformation by the (1, 1)-field Y(hl(−1,−1)hr, z) = hl(z)hr(z¯) by using the
path-integral. This is why we call the deformation a current-current deformation.
4.2. Double coset description. In this section, we gives the double coset description of
the parameter space of a current-current deformation.
Let (ψ, ψ′) be an automorphism of a generalized full vertex algebra (ΩF,H,H). Then,
ψ′ ∈ O(H;R). Thus, we have a group homomorphism Aut (ΩF,H ,H) → O(H;R) from the
group of generalized full vertex algebra automorphisms to the orthogonal group. Denote
the image of this map by DF,H ⊂ O(H), which we call a duality group. The following
theorem follows from Theorem 3.2:
Theorem 4.1. For p, p′ ∈ P(H), Fp and Fp′ are isomorphic as full H-vertex algebras if
and only if there exists σ ∈ DF,H such that σ · p = p′. In particular, there is a bijection
between the isomorphism classes of a current-current deformation of (F,H, p) and the
double coset DF,H\O(H;R)/O(Hl;R) × O(Hr;R).
4.3. Example: Toroidal Compactification. Let L be an even non-degenerate lattice of
signature (n,m) and H = L⊗Z R. Then, we have a lattice full vertex algebra FL,H,p for any
p ∈ P>(H). Since DFL,H,p ,H is isomorphic to the lattice automorphism group, Aut L, the
isomorphism classes is
Aut L\O(n,m)/O(n) × O(m).
Let II1,1 = Zz ⊕ Zw be the rank two even lattice defined by (z, z) = (w,w) = 0 and
(z,w) = −1. Then, II1,1 is a unique even unimodular lattice of signature (1, 1). Set
IIk,k = II1,1
⊕k for k ∈ Z>. The lattice full vertex algebras {FIIk,k ,IIk,k⊗ZR,p}p∈P>(H) appear in the
toroidal compactification of string theory (see for example [P]), which is parametrized by
O(k, k;Z)\O(k, k)/O(k) × O(k).
In the rest of this section, we explicitly describe the action of the duality groupO(k, k;Z)
in detail in the case of k = 1. Set HII1,1 = II1,1 ⊗Z R. Let p ∈ P>(H). Since ker p¯
is positive-definite, there is a unique (up to the multiplication by ±1 = O(1)) vector
v ∈ ker p¯ such that (v, v) = 1. It is clear that p is uniquely determined by this vector. Let
v = az + bw ∈ HII1,1 be a norm 1 vector (a, b ∈ R). Then, by (v, v) = −2ab, we may
assume that v = 1√
2
(Rz−R−1w) for R ∈ R>0. Denote by pR the corresponding projection in
P>(HII1,1). Thus, we have an isomorphism R>0 → O(1, 1)/O(1) × O(1), R 7→ pR. The lat-
tice automorphism group Aut II1,1 is Z/2Z × Z/2Z, which is generated by the involutions
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σ, τ such that:
σ(z) = w, σ(w) = z,
τ(z) = −z, τ(w) = −w.
The action of σ on pR is determined by
σ(
1√
2
(Rz − R−1w)) = − 1√
2
(R−1z − Rw).
Hence, σ · pR = pR−1 . Since τ ∈ O(1) × O(1) ⊂ O(1, 1),
Aut II1,1\O(1, 1)/O(1) × O(1)  R≥1.
In the string theory, R is a radius of the compactification of the target space. Denote by CR
the full vertex algebra FII1,1,HII1,1 ,pR . The isomorphism σ˜ : CR → CR−1 is called a T-duality
of string theory. Let R = es for s ∈ R. Then, the action of a 1-parameter deformation σ(g)
associated with hl =
1√
2
(esz − e−sw), hr = 1√
2
(esz + e−sw) is
σ(g)
( 1√
2
(esz − e−sw)
)
=
1√
2
(cosh(g)(esz − e−sw) + sinh(g)(esz + e−sw))
=
1√
2
(es+gz − e−s−gw).
Thus, σ(g) changes the radius R = es into egR = eg+s.
We end this section by studying the chiral vertex algebra ker D¯ of a full vertex algebra
CR. It is easy to show that the conformal weight of enz+mw ∈ C[ ˆII1,1] is ( (nR
−1−mR)2
4
,
(nR−1+mR)2
4
)
for n,m ∈ Z. The state enz+mw is in ker D¯ if and only if R2 = − nm . Thus, if R2 ∈ R \ Q,
ker D¯ ⊗ kerD is isomorphic to the affine Heisenberg full vertex algebras MHII1,1 ,pR . We
assume that R2 =
p
q
for some coprime intergers p, q ∈ Z>0. In this case,
ker D¯ = Mker p¯R ⊗
⊕
k∈Z
Cek(pz−qw).
Since the conformal weight of ek(pz−qw) is (pqk2, 0), ker D¯ is isomorphic to the lattice
vertex algebra V√
2pqZ
associated with the rank one lattice
√
2pqZ. In particular, C√ p
q
is
a finite extension of the lattice full vertex algebra V√
2pqZ
⊗ V¯√
2pqZ
. We will determine
the irreducible decomposition of C√ p
q
as a V√
2pqZ
⊗V√
2pqZ
-module. We recall that there
are 2pq irreducible modules of V√
2pqZ
, denoted by {V√
2pqZ+ i√
2pq
}i∈Z/2pqZ, see for example
[LL]. Since
(
pR(pz − qw), pR(nz + mw)
)
= nq − mp,
−
(
p¯R(pz + qw), p¯R(nz + mw)
)
= nq + mp,
enz+mw is contained in V√2pqZ+ nq−mp√
2pq
⊗ V√
2pqZ+
nq+mp√
2pq
.
We will use the following elementary lemma:
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Lemma 4.2. Let (a, b) ∈ Z2 satisfy ap − bq = 1. Then, np,q = ap + bq satisfies n2p,q = 1 ∈
Z/4pqZ, in particular, np,q ∈ (Z/2pqZ)×. Furthermore, the value np,q = ap+bq ∈ Z/2pqZ
is independent of a choice of the solution.
Since np,q ∈ (Z/2pqZ)×, {knp,q}k=0,1,...,2pq−1 runs through all the elements in Z/2pqZ.
Thus, we have:
Proposition 4.1. If R2 ∈ R \Q, then ker D¯ ⊗ kerD is isomorphic to the affine Heisenberg
full vertex algebras MHII1,1 ,pR . If R
2
=
p
q
, then ker D¯⊗kerD is isomorphic to the lattice full
vertex algebra V√
2pqZ
⊗ V√
2pqZ
and the irreducible decomposition of C√ p
q
is
C√ p
q
=
⊕
i∈Z/2pqZ
V√
2pqZ+ i√
2pq
⊗ V¯√
2pqZ+
np,qi√
2pq
.
We remark that the condition n2p,q = 1 ∈ Z/4pqZ corresponds the condition (FV2).
Thus, for N ∈ Z>0 and each order 2 element in (Z/4NZ)×, there is an extension of the
lattice full vertex algebra V√2NZ ⊗ V¯√2NZ.
For example, C√6 is the diagonal model
⊕
i∈Z/12Z V
√
12Z+ i√
12
⊗ V¯√12Z+ i√
12
, whereas C√ 2
3
is twisted by 7,
⊕
i∈Z/12Z V
√
12Z+ i√
12
⊗ V¯√12Z+ 7i√
12
.We also remark that C1 is isomorphic to
the SU(2) WZW-model of level 1, which is the fixed point of the duality group.
Remark 4.1. Let q : Z/2NZ → R/2Z be a norm defined by a 7→ a2
2
. An element n ∈
AutZ/2NZ = (Z/2NZ)× preserves the norm q if and only if n2 = 1 in Z/4NZ. Thus,
an order 2 element in (Z/4NZ)× corresponds to the outer automorphism of the modular
tensor category.
5. Application to genera
In this section, we discuss a relation between a current-current deformation and the
notion of a genus introduced in [M1]. We first review the notion of a VH pair and a genus
of VH pairs, which is an equivalent relation on VH pairs. Note that we will use a slightly
different definition of a VH pair, which we call aH-vertex algebra.
Let V be a Z-graded vertex algebra and H a real subspace of V1 such that:
HS1) h(1)h′ ∈ R1 for any h, h′ ∈ H;
HS2) For any h, h′ ∈ H, h(n)h′ = 0 if n = 0 or n ≥ 2;
HS3) The bilinear form (−,−) on H defined by h(1)h′ = (h, h′)1 for h, h′ ∈ H is non-
degenerate.
Then, as in Section 3.1, H generates a representation of the Heisenberg Lie algebra. Set
(ΩV,H)
α
t = {v ∈ Vαt+(α,α/)2 | h(0)v = (α, h)v, h(n)v = 0 for any h ∈ H and n ∈ Z≥1}
for α ∈ H and t ∈ Z. The above pair (V,H) is said to be aH-vertex algebra if the following
conditions hold:
VH1) h(0) is semisimple on V with real eigenvalues for any h ∈ H;
VH2) For any α ∈ H, there exists N ∈ Z such that Vαt = 0 for any t ≤ N.
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By Proposition 1.2, aH-vertex algebra is a fullH-vertex algebra. A category ofH-vertex
algebras is a full subcategory of FullH-VA whose objects areH-vertex algebras.
Let us consider the lattice vertex algebra VII1,1 associated with the rank 2 lattice II1,1
(see Section 4.3) and let (V,H) be a H-vertex algebra. Then, by Proposition 2.4, V ⊗ Cs
is a fullH-vertex algebra and V ⊗ VII1,1 is aH-vertex algebra.
H-vertex algebras (V,H) and (V ′,H′) are said to be equivalent (or in the same genus)
if (V ⊗ VII1,1 ,H ⊕ HII1,1) and (V ′ ⊗ VII1,1 ,H′ ⊕ HII1,1) are isomorphic as H-vertex algebras,
which defines an equivalent relation on H-vertex algebras. An equivalent class is called
a genus ofH-vertex algebras.
Theorem 5.1. Let (V,H) and (V ′,H′) be H-vertex algebras. Then, the following condi-
tions are equivalent:
(1) H-vertex algebras (V,H) and (V ′,H′) are in the same genus;
(2) There exits a current-current deformation between the fullH-vertex algebras V ⊗
Cs and V
′ ⊗Cs;
(3) Generalized full vertex algebras (ΩV,H⊗C[ ˆII1,1],H⊕HII1,1) and (ΩV ′,H′⊗C[ ˆII1,1],H⊕
HII1,1) are isomorphic as generalized full vertex algebras.
proof of Theorem 5.1. Since the vacuum spaces of V ⊗Cs and V ⊗VII1,1 are isomorphic to
ΩV,H ⊗ C[ ˆII1,1], (1) or (2) implies (3). Assume that (3) holds. Since all fields in V ⊗ VII1,1
and V ′ ⊗ VII1,1 are holomorphic, they are isomorphic to FΩV,H⊗C[ ˆII1,1],H⊕HII1,1 ,id, where id ∈
P(H ⊕ HII1,1) is the identity map. Similarly, by Lemma 4.1, the projections which define
V ⊗ Cs and V ′ ⊗ Cs is in the same orbit of O(H ⊕ HII1,1;R) since the signature of the
anti-holomorphic part ker p must be (0, 1). Hence, (3) implies (1) and (2). 
We remark that in the case of aH-vertex algebra, the duality group is given by the ver-
tex algebra automorphism group. In fact, let (V,H) be aH-vertex algebra and Aut (V,H)
theH-vertex algebra automorphism group of (V,H). Then, similarly to Section 3.2, there
is a group homomorphism Aut (V,H) → O(H;R). The image of this map is denote by
GV,H in [M2]. Then, the following lemma follows from Theorem 3.2 and the proof of
Theorem 5.1:
Lemma 5.1. For a H-vertex algebra (V,H), the subgroups GV,H,DV,H ⊂ O(H;R) is the
same.
As an application, we consider a current-current deformation of a vertex operator al-
gebra constructed in [LS]. In [LS], Lam and Shimakura constructed a vertex operator
algebra of the central charge 24 as an extension of the vertex operator algebra LE8,2 ⊗LB8,1 ,
where LE8,2 and LB8,1 are affine vertex algebras associated with simple Lie algebras E8 and
B8 at level 2 and 1, respectively. We denote it by L
hol
E8,2B8,1
. A Cartan subalgebra HE8⊕B8 of
E8 ⊕ B8 defines aH-vertex algebra structure on LholE8,2B8,1 . Set
II17,1(2
+10
II ) = II1,1 ⊕
√
2E8 ⊕ D8,
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which is an even lattice of signature (17, 1). By [M1, Lemma 5.14 and Proposition 5.7],
we have:
Proposition 5.1. GLhol
E8,2B8,1
⊗VII1,1 ,HE8⊕B8⊕HII1,1 is isomorphic to the automorphism group of the
lattice Aut II17,1(2
+10
II
) and the genus of the H-vertex algebra Lhol
E8,2B8,1
contains exactly 17
non-isomorphicH-vertex algebras.
Thus, we have:
Proposition 5.2. The current-current deformation of the fullH-vertex algebra Lhol
E8,2B8,1
⊗
Cs is parametrized by
Aut II17,1(2
+10
II )\O(17, 1;R)/O(17;R) × O(1;R).
and there are exactly 17 non-isomorphic H-vertex algebras V such that V ⊗ Cs is con-
tained in this family.
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